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Preface

The aim of these notes is to include in a unitary presentation some topics
related to the theory of degenerate nonlinear diffusion equations, treated
in the mathematical framework of evolution equations with multivalued
maximal monotone operators in Hilbert spaces. The problems concern
nonlinear parabolic equations involving two cases of degeneracy. More exactly,
one case is due to the vanishing of the time derivative coefficient and the other
is provided by the vanishing of the diffusion coefficient on subsets of positive
measure of the domain.

From the mathematical point of view, the results presented in these notes
can be considered as general results in the theory of degenerate nonlinear
diffusion equations. However, this work does not seek to present an exhaustive
study of degenerate diffusion equations, but rather to emphasize some
rigorous and efficient functional methods for approaching these problems.

The main objective is to present various techniques in which a degenerate
boundary value problem with initial data can be approached and to introduce
relevant solving methods different for each case apart. The work focuses
on the theoretical part, but some attention is paid to the link between the
abstract formulation and examples concerning applications to boundary value
problems which describe real phenomena. Numerical simulations by which
the theoretical results are applied to some concrete real-world problems are
included with a double scope: for verifying the theory and for illustrating the
response given by the theoretical results to the problems arisen in applied
sciences.

The material is organized in four chapters, each divided into several
sections. The Definitions, results (Theorems, Propositions, Lemmas), and
figures are continuously numbered inside a chapter.

The readers are assumed to be familiar with functional analysis, partial
differential equations, and some concepts and basic results from the theory
of monotone operators. However, the book is self-contained as possible, some
specific definitions and results being either introduced at the first place where
they are evoked, or indicated by citations. The work addresses to advanced
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graduate students in mathematics and engineering sciences, researchers in
partial differential equations, applied mathematics and control theory. It can
serve as a basis for an advanced course and seminars on applied mathematics
for students during the Ph.D. level, and in this respect it is aimed to open to
the readers the way toward applications.

The writing of these notes has been developed during the visits of the
second author to the Department of Mathematics at the University of
Bologna, especially in the periods April-May 2010 when she was a visiting
professor, thanks for the financial support of Istituto Nazionale di Alta
Matematica “F. Severi”—Gruppo Nazionale per 1’Analisi Matematica, la
Probabilita e le loro Applicazioni, Italy, May and November 2011. The work
is mainly based on the common results obtained with the first author, and
some parts of it completed in 2011 are new and not published in other works.

We would like to thank all the reviewers for having lectured this work
with obvious patience and carefulness and for all comments, observations,
and suggestions which helped to the text improvement.

The authors also acknowledge the PRIN project 20089 PWTPS “Analisi
Matematica nei Problemi Inversi” financed by Ministero dell’Istruzione,
dell’Universita e della Ricerca, Italy and the CNCS-UEFISCDI project
PN-II-ID-PCE-2011-3-0027 financed by the Romanian National Authority
for Scientific Research, which have contributed to the maintenance of the
framework of their collaboration and to the achievement of this work.

Bologna Angelo Favini
Gabriela Marinoschi
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Introduction

Before starting the main body of these notes we would like to explain how the
equations we shall study arise from real-world problems. Some particularities
of these problems can lead to degenerate equations. They involve various
interesting mathematical problems whose study will be concretized in general
results which, at their turn, can provide useful information while applied to
the originary physical problems.

Throughout the work we are concerned with the study of nonlinear degen-
erate diffusion problems with the unknown function y, consisting basically in
the diffusion equation

O(u(t, z)y)

5~ AW+ V- (at,2)G(y)) = f(t,2) in Q:= (0,T)x 2, (1)

with initial data and boundary conditions given for the function y(¢,x), or
in some cases for u(t,x)y(t, z), where the time ¢ runs in (0,7") with T finite
and r = (z1,...,2x) € £2. The domain §2 is an open bounded subset of RY,
with a sufficiently smooth boundary 0f2. The boundary conditions can be of
Dirichlet type

y(t,z) =0 on X :=(0,T) x 042,

of Robin type

(at,2)G(y) = VB (y)) - v = é(y) + fr(t,z) on X,

or of Neumann type if ¢(y) = 0. Here, v is the unit outward normal to
I'. Problem (1) with the initial and boundary conditions can model various
diffusion processes in sciences.

As an example we refer to the fluid diffusion in nonhomogeneous partially
saturated porous media case in which w accounts for the porosity of the
medium, a is a vector characterizing the advection of the fluid through the
pores, process also assumed to be influenced by the solution by the means

ix
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of G(y), and * is a (multivalued) function which will be defined a little
later in relation with the coefficient of diffusion. The function f expresses the
influence of a source or sink distributed in the flow domain. In this case the
function y is the fluid saturation in the medium and 0(¢,x) = u(t, 2)y(t, x)
denotes the volumetric fluid content, or the medium moisture. Another
physical process modeled by (1) may be the propagation of a pollutant of
concentration y in a saturated porous medium (with all pores filled with
fluid). In this application u describes a process of absorption—desorption,
namely the retention of the fluid by the solid matrix and the release (of
a part) of it after some time. Heat transfer processes are also modeled by
equations of type (1). An equation of a similar type is encountered in the
models of soil bioremediation or can be deduced under some assumptions
from a Keller—Segel chemotaxis model (see [69]). Equations of form (1) with
particular coefficients (possibly vanishing) can also characterize nonlinear
population dynamics (see [36]), cell growth (see [64]), imaging processes (see
[8,9]) and more generally self-organizing phenomena (see [15]). In population
dynamics or medical applications y represents the population density.

Some particular properties of 8* place (1) in specific classes of singular
diffusion, as we shall see.

In order to justify the physical relevance of the possibly degenerate
diffusion problem (1) we shall explain its settlement by giving an example.
This will have the role of making clearer how (1), with singular coefficients
possibly degenerating in some cases, is deduced from another model (see (2)
below) of a physical process. Thus, equations of the more general type (2)
can be studied by reducing them to (1).

Let us consider the following equation

O(u(t,xz)h)

C(h) 5

=V (k(h)Vh) +V - (a(t,x)g(h)) = f(t,x) n @,  (2)

with an initial condition

h(0,z) = ho(x) (3)

and with boundary conditions (of Dirichlet, Neumann or Robin type) which
we do not specify at this time. This equation governs the evolution of a certain
physical quantity h(t,x).

For instance, (2) particularized in 3D for ¢ = k and a(z) = (0,0,1) is
Richards’ equations describing the water infiltration into a soil with the
porosity u and the conductivity k (see [84], Chaps.1 and 2). The function h
is the pressure in the soil and C is the water capacity. In a porous medium
the unsaturated part is the region (or the whole domain) with the pores only
partially filled with water, while the saturated part refers to a region where
all pores are completely filled with water. By convention, the pressure h is
negative in the unsaturated part and positive in the saturated part.
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In (2) we assume that C, k and g are nonnegative nonlinear functions
defined on (a subset of) R, u and f are real functions defined on Q, u is
nonnegative, and a is a vector whose components a; are real functions defined
on @. The functions C' and u are allowed to vanish on a subset of R, or @,
respectively, inducing a certain degeneracy to (2).

In the example concerning Richards’ equation we mention that the water
capacity C' vanishes when the pressure h becomes positive, i.e., in the
saturated domain, and it is positive in the unsaturated domain where h < 0.

We notice that in the particular case with C' vanishing, the time-space
domain ) in which the process evolves splits at some time into two subdo-
mains

Qns = {(tv z); C(h(t,x)) > 0}7 Qs = {(tv z); C(h(t,x)) = 0}, (4)

separated by a surface whose position is modified in time. The flow in these
subdomains is described by a parabolic equation (in Q.,s) and by an elliptic
equation (in Qg). Therefore, a degeneracy of (2) induced by the vanishing
of C' may lead to a free boundary problem. It is obvious that if C(h) > 0
for all h, then (2) remains parabolic (if u(t,z) > 0) and the free boundary
problem does not occur. In our example from soil sciences (4) is a situation in
which a simultaneous unsaturated and saturated flow can occur. The subset
Qs is called the saturated domain and @, is the unsaturated one, physically
corresponding to two phases of the infiltration process.

To treat (2) we shall make some transformations to bring it to the form
(1), which is more appropriate to the functional treatment we shall apply.

For the moment let us keep u(t, x) positive.

Let us assume h,, € R, and

C: [hm,0) = [0,Cpl], Cpn >0,
k: [hm,OO)—)[Km,KS], K5>Km207
g ¢ [hm, 00) = [gm, gs]-

We shall further refer only to some basic and interesting cases from the
mathematical point of view. We consider that the functions C, k and ¢
are single valued, continuous and bounded. More generally they may have
discontinuities of first order, at most, i.e., at the points where they are not
continuous they have finite lateral limits. In this case some modifications will
occur in the model and in its mathematical treatment, without essentially
changing the arguments.
We define C* : [hy,, 00) = [Ym, ys], as

h
C*(h) = ym + / CQ)dC, b > hom, (5)
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and K* : [hy,,00) = [KX, 5%] b

h
K*(h) = K*, +/ K(C)AC, h> hyy K% > 0 (6)

m

which are continuous nondecreasing functions, where ys is a real positive
number and y,, = C*(hy,) is a nonnegative number.

We make the function notation y = C*(h) and assume first that
the medium is unsaturated i.e., C is positive. Then C* turns out to be
monotonically increasing and its inverse is (C*)™! : [ym, ys] = [hm, +0),

=(C) (W), v € [ymys)- (7)

Replacing h in (2) this becomes

O(u(t, z)y)

DU A () 4V - alt, )C) + Co ) e (1,2) = £(0,2) in Q, (8)

where the composed functions

B*(y) = (K" o (C*) " )(Y), ¥ € [Ym>ys), (9)
G(y) :== (g0 (C*) (W), ¥ € [Ym,vs), (10)
Ci(y) =C((C)Hy) - (C)Y) — v, Y € [Ym> vs]

(
(

occur. Moreover, we still define

K(y):= (ko (C) (). y € [ym,vs]- (11)

Now, we shall separate several cases of interest related to the possible
vanishing of C' on a subset included in (h,,c0). As specified before, in the
theory of water infiltration in soils h,, < 0 = hs, ¥, = 0 and g = k. At
the value hy = 0 the saturation occurs. The function y is called the water
saturation in soil and the corresponding value y; = C*(hy) is called the
saturation value.

(a) The fast diffusion case. Let us consider that C' is continuous
C(h) =0, h € [hs,;00), C(h) >0, h € [hm,hs). (12)

Then (2) degenerates on [hs, 00) and (5) becomes

Cr(h)y = Ym T i C(C)dC, hum < h < hy,
Ys: h = hs,
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namely y = C*(h) remains at the saturation value y; as well as h is positive.
In this case one can compute the inverse of C* on the interval [h,,, hs) where
it is increasing, while for the interval h > hs the inverse is no longer a
function, but a graph, i.e., at the point y = y it has as image the whole
interval [hg, 00). More exactly we have

o= {0 e

and so the function h = (C*)~!(y) is continuous and monotonically increasing
on [Ym, ys) and so-called multivalued at y = ys. Then, by a direct replacement
in (6) one obtains a function K* with two branches

Ky o & B i, BQOAC, B E s ),
/6; + Ksh’a h’ 2 h/s;

which plugged in (9) leads to a multivalued function

* p— (K* o (C*)_l)(y)v Y € [ymays)a
)= {[ 5, 100), Y=1Ys (14)

which has the image [3%,4+00) at y = y,. Here, we took hs = 0 and

B = lim (K" o (€)™ D) > 0. (15)

We notice that 8* is continuous on [ym,ys) and that K (yn,) = K, K(ys) =
K. Since the function (C*)~! is monotonically increasing on [y, ys) we
can calculate 5*(y) by changing the variable in the integral (6), by denoting
¢ = (C*)71(¢). In this way we get

B (y) = {K,}H;m BEE, ¥ € [ym.v2). (16)
555 +00), y=s

“_»

and now in (8) the sign can be replaced by the sign“3”. In the above

expression
E(C*) " (v))
BY) == A o 10T Y € [Ym, Ys)- (17)
c((C*)~y))
The function S defines the diffusion coefficient (also called diffusivity for
certain physical processes) and under the hypotheses made before it is a

nonnegative function, satisfying the blow-up property

Jm A(y) = +oo. (18)



xiv Introduction

Concerning detailed computations of the above relations and the various
hypotheses made for £ which may lead to some specific models we refer to
[84], Sect. 2. For a further use we define the ratio

- (19)

which is nonnegative. Let us mention that if C' and k are defined on R (as it
happens in some models), i.e., if h,, = —oco, then we replace the above ratio
by
k(h)
= i
P2 T

which we assume finite.

We mention that the last term on the left-hand side in (8) is a single-
valued function because C1(y) = —y for y = y,. If u does not depend on ¢ it
vanishes.

In our example related to Richards’ equation, by defining the functions y =
C*(h), representing the water saturation in pores, 5 (the water diffusivity)
and G = K (the water conductivity function) we have passed from Richards’
equation written in terms of pressure to its diffusive form (1) written for the
water saturation y > y,, > 0. Generally y,, is taken equal with zero.

In the mathematical treatment we shall need to work with these functions
defined up to —oo, so that we extend the § at the left of y = y,,, by pif p > 0
and by a continuous positive function if p = 0. The function K and G are
extended by K(y.,) and G(y,,) at the left of y = y,,.

To resume, this case is characterized by the functions 8 and * defined on
the subset (—o0, ys), having singular behaviors at y = ys

lim B(y) = 400, B (ys) € [BL, +0). (20)
Y. Ys

A typical example is

1
Bly) = ——— for0<p<1.

(ys - y)

By analogy with the classification given by Aronson in [6] we say that this
case defines a fast diffusion and models a free boundary process.

Therefore, problem (2), which degenerates due to (12) and has been
transformed into (1) with a multivalued function 5* is relevant for a free
boundary problem. The fact that a degenerate equation (2) corresponding to
a free boundary problem is characterized by an equation with a multivalued
operator must not be surprising because the extension of a nonlinear function
to a multivalued one by “filling in the jumps” with graphs is common in
the theory of nonlinear differential equations with discontinuous coefficients
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as well as in that modelling free boundary processes (see [14] for various
examples).

Under some other assumptions (regarding mostly the discontinuity of these
functions) one can get some other particular properties of the functions 3,
f* K and G (e.g., they can be multivalued at some points within [y, ys),
see [86]).

(b) The superdiffusion case. In this case let us allow ¥ defined in (15) going
to infinity, i.e., assume

li =400, i “(y) = +o0. 21
Jm Bly) = +oc,  lim B(y) = +oo (21)

The situation in which both g and 8* blow up at y = ys corresponds to a
singular expression of [,

1
5(y)sz0fp§0

and was defined in [6] as very fast diffusion, or superdiffusion.

An interesting example from biology is the instantaneous disappearance
(due to an extremely high diffusion coefficient) of a population of locusts
when its density reaches a certain critical value, ys.

(c) The slow diffusion case. We assume that

C(h) > 0 for h € [hy,, ) (22)
and
hli_}n;() C(h)=0. (23)

This implies by (17) that 8(y) < oo for y € [ym, +o0) and

lim B(y) = +o0.

Y—r0oQ

This case which may be illustrated by

B(y) =y for p > 1

is a slow diffusion and the equation with such a diffusion coefficient is known
as the porous media equation, because it generally models the diffusion of a
gas in a porous medium. It also models nonlinear heat diffusion. If p =1 we
get the classical heat equation. Concerning more general studies on diffusion
equations we refer the reader to [96-98]. If

lim C(h) > Cs >0

h—o00
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then %
lim B(y) < s = FS < 400

Y—00 s
and £* has a sublinear increasing, 5*(y) < 5sy.

In the cases (b) and (c) the function 5* turns out to be single valued. Case
(c) characterizes a unsaturated flow, only.

To conclude this presentation we give some examples of functions C, g, K
which are basic in soil sciences. They are empirical relations established by
observations. Let us take the porosity constant and by dividing by it we can
rewrite (8) with u = 1.

First we refer to the hydraulic model of van Genuchten which proposes
the hydraulic functions (in a particular case)

KXyl —(1—g/m™mPify <1
K(y) := s ’
) {KS iy =1,

T lah|Y =™ )=m it b < 0,
LA 7 it h >0,

where m € (0,1), ¥ is the dimensionless water saturation defined by

~._ Y~ Um
yi=———
Ys = Ym
and « is a length scaling factor. Obviously, the dimensionless saturation value
Us is equal to 1 and K, = K(ys). The water capacity is then

m 1 y—m—1 m h .
O(h) = T;E{1+hﬂqkm} ok L g < 0
0, it h>0.

The various values of the parameter m correspond to more or less nonlinear
behaviours of the soil. For example, we can notice that if m is close to 0,
there is a very low rate of variation of (k). The point at which C attaints its
maximum is very close to the saturation point and the hydraulic conductivity
K evolves highly nonlinear. This approaches a slow diffusion case. If m is close
to 1, we have that

lim C(h) =0, lim K'(y) <
Jim C(h) Lim (y) <+o0
and we can notice a nonlinear variation of §(h), and a more linear behaviour

of the hydraulic conductivity. This leads to a fast diffusion model with a
strongly nonlinear transport.



Introduction xvii

The parametric model of Broadbridge and White (see [33]) introduces as
hydraulic functions the diffusion coefficient and the conductivity

~_cle—1) (e
5 = () Kk = 21

with the same significance as before for 3. Here, the hydraulic nonlinearity
of the medium is characterized by the parameter ¢ belonging to (1,4o00). If
¢ — 1 the medium is strongly nonlinear and if ¢ — oo the medium behaves
weakly nonlinear. We can define

ity <1

[1,00) if § =1 (25)

W@—{

and notice that this corresponds to a slow diffusion for ¢ >> 1 and to a fast
diffusion when c is approaching the value 1.

These are some examples intended to show that the mathematical
properties previously considered for the functions 5 and K are not formal
but they can be retrieved in the usual hydraulic functions in practice. These
properties, pretty general, will be transformed into mathematical hypotheses
for the boundary value problems discussed in the next chapters.

Without giving an exhaustive information we would like to cite some key
achievements in the literature regarding existence and uniqueness studies for
solutions to the degenerate equation

9(g(h))
ot

=V (b(Vh,g(h))) + f(g(h)) = 0.

We refer first to the method of entropy solutions introduced by S.N. Krushkov
in [75,76]. Originally this method was devoted to prove L!-contraction for
entropy solutions for scalar conservation laws, i.e., generalized solutions in
the sense of distributions satisfying admissibility conditions similar to those
of entropy growth in gas dynamics (see also [23]). H-W. Alt and S. Luckhaus
established in [4] various existence, uniqueness and regularity results for
initial-boundary value problems for quasilinear systems of the above form
and studied variational inequalities of elliptic—parabolic equations applying
the results to certain Stefan type problems. J. Carillo (see [37,38]) applied
Krushkov’s method to nonlinear equations

o)

PR Ab(h) + V- 6(h) = 0

with ¢ and b continuous nondecreasing functions and ¢ satisfying rather
general conditions. F. Otto (see [92]) proved a L!-contraction principle and
uniqueness of solutions for this type of equation by applying Krushkov’s
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technique only to the time variable. We also mention the works [65, 66]
referring to equations with degenerate diffusion operators.

A degenerate, doubly nonlinear parabolic system, with coefficients depend-
ing on time and space too, was treated in [70] by approximating it by a
nondegenerate one and proving the convergence of approximate solutions.

In the paper [24] a model of the saturated—unsaturated flow lying on
a special definition of the boundary conditions that changes during the
phenomenon evolution, has been developed also for a finite value of the
diffusivity at saturation (which was implied by the assumption that C(h) > 0,
Vh > 0). Following the technique presented in [50] the model was reduced to
systems in class of Stefan-like problems of high-order, see [49].

Another aspect which appears to be very relevant for nonlinear diffusion
problems refers to the solution dependence on the choice of nonlinear
functions involved in the equation. Such a problem in relation with the fluid
flow in a porous medium obeying Richards’ equation was recently treated
by Borsi et al. in [25]. This article deals with the finite-time stability (in
fact the continuity) of solutions to nonlinear scalar parabolic boundary value
problems in 1-D with respect to variations of parameter functions and gives
extensive details about applications in groundwater flows.

The analysis of the well-posedness of (1) in the very fast diffusion case
with u constant was approached in the papers [20] (with Robin boundary
conditions) and [81] (with nonhomogeneous Dirichlet boundary conditions)
in the framework of evolution equations with m-accretive operators in Hilbert
spaces. The latter gives also an example of a nonautonomous problem.

A rigorous existence and uniqueness theory for the fast diffusion case with
a free boundary occurrence was begun in [82] for N = 1 and developed in
[83] for N = 3, for u = 1. The fast diffusion case with the function & (and
consequently () discontinuous was treated in [86].

As another application, we mention a particular degenerate model char-
acterizing diffusion in partially fissured media which was treated in [94] by
extending the existence and uniqueness results proved in [48].

To resume, we have established that (1) characterizing a diffusive flow may
be deduced by (2) which can be a degenerate equation (due to the vanishing
of C'(h)) and in this case § blows up and * turns out to be multivalued at
ys. In this work we shall associate this case with two situations in which (1)
still degenerates due to the hypotheses further presented.

The parabolic—elliptic degenerate case. Let us assume that u(t,z) may
vanish on a subset @@y of @ of zero measure. This leads to a degeneration
of (1) into an elliptic equation on Qo and we shall call this case parabolic—
elliptic degenerate.

The diffusion degenerate case. Let u(t, ) > 0 and assume that k(h,,) = 0.
Then, by (17)

{B(y)>0f0ry>ym
B(y) =0 for y = ym.
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This implies that the diffusion coefficient 5(y) vanishes on the subset of Q
where y(t,2) = y,,, and p given by (19) is zero. For convenience we shall call
this case diffusion degenerate.

If k(hy,) > 0 the diffusion coefficient § is positive, i.e., p > 0, and then we
deal with a nondegenerate diffusion case.

We indicate the monograph [62] and the articles [2,3,18,19,51-57,61,63] as
a few references concerning the theory of linear equations degenerating into
elliptic or hyperbolic ones, examples and identification problems in relation
to them.

In this book we treat nonlinear equations degenerating in elliptic ones or
degenerating due to the vanishing of diffusion coefficient and focus especially
on the fast diffusion case which has a special physical and mathematical
relevance being associated with a free boundary problem whose character is
concisely expressed by the graph 5*.

The set of hypotheses which will be assumed in each chapter are pretty
general and follow from the properties of the empirical functions used in
practice and envisage especially singular cases. The techniques used to solve
the problems in each chapter can be extended to other more general cases
including: equations with discontinuous coefficients (see e.g. [86]), K non
Lipschitz, hysteretic behaviour of the nonlinear functions (see e.g. [85]).

Since the monotonicity of the main nonlinear term in the equations
corresponds to a natural dissipativity assumption for these classes of problems
and has an obvious physical meaning, the methods we use are related
to the theory of nonlinear evolution equations with monotone (accretive)
operators in Hilbert spaces. They provide rigorous and efficient techniques
for approaching well-posedness and other mathematical aspects raised by
these problems. In few lines we present a short history of the m-accretivity
technique. The main results of the theory of nonlinear maximal monotone
operators in Banach spaces are essentially due to Minty (see [79,80]) and
Browder (see [34,35]). Further important contributions are due to Brezis (see
[26-28]), Lions [77], Rockafeller [93], mainly in connection with the theory of
subdifferential type operators. The general theory of nonlinear m-accretive
operators in Banach spaces has been developed in the works of Kato (see
[72]) and Crandall and Pazy (see [41,42]) in connection with the theory
of semigroups of nonlinear contractions and nonlinear Cauchy problems in
Banach spaces. The existence theory for the Cauchy problem associated with
nonlinear m-accretive operators in Banach spaces begins with the pioneering
papers of Komura (see [74]) and Kato [71] in Hilbert spaces and was extended
in a more general setting by several authors. For a complete approach of these
problems we refer the readers to the monographs [10,14]. At the appropriate
places in the text we shall specify the concepts related to the m-accretivity
techniques and indicate the main results to which the proofs make appeal.

Chapter 1 is concerned in several sections with the study of the existence
and various properties of the solutions to (1) which degenerates in an elliptic
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equation. We shall treat this case with a nondegenerate diffusion coefficient.
Using techniques from the theory of evolution equations with m-accretive
operators in Hilbert spaces results of a higher degree of generality are
obtained. Briefly, we shall treat the following problems: existence properties
of the solution to (1) in the fast diffusion case, with homogeneous Dirichlet
boundary conditions, for u function of x only, vanishing on a subset {2y of
2 with meas(£2) > 0. In the abstract framework of evolution equations one
associates to this case the abstract Cauchy problem

d(My)
dt

(t) + Ay(t) > f(t) a.e. t € (0,T), (26)
(My)(0) = 0o

where M is not invertible and A is a multivalued nondegenerate operator.
The method consists in an approximation of the operators M and A, the
proof of the existence of an approximating solution and a convergence result
together with a special construction of a weak solution to (26). Sufficient
conditions under which uniqueness follows are established.

The Cauchy problem will be studied further under the hypothesis of a
very fast diffusion in which the existence proofs necessitate some different
arguments than in the fast diffusion case. They will be detailed in a separate
section.

Next, the existence of periodic solutions with f periodic as well as other
results concerning the longtime behavior of Cauchy problems with periodic
data will be investigated.

In Chap.2 the problems of existence and uniqueness for the Cauchy
problem will be approached in the diffusion degenerate case in which (1)
with u constant is accompanied by certain Robin boundary conditions. We
shall deal with the abstract problem

%(t) +Ay(t) 3 f(8) ae. t € (0,T), (27)

y(0) = yo

where A is a multivalued operator and this case will be approached via a
time-difference scheme whose stability and convergence will be studied. The
existence of periodic solutions as well as the longtime behavior of the solutions
to Cauchy problems with periodic data will be further studied in the diffusion
degenerate case, too.

In Chap. 3 a nonautonomous parabolic—elliptic degenerate problem with u
depending on ¢ and z is studied. This involves the application of some results
of Kato and Crandall and Pazy for semigroups generated by time-dependent
nonlinear multivalued operators.
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Chapter 4 is concerned with an identification problem, approached as a
control problem, for the vanishing coefficient v which will be determined
from available observations upon the solution. We resort to an auxiliary
approximating problem and determine the optimality conditions for an
approximating optimal pair. Then we prove a convergence result of the
sequence of approximating control pairs (control and state) to a solution
to the original problem.

Some sections are concluded by numerical simulations intended to put into
evidence the specific features of the solutions in the context of their physical
relevance.

The problems we deal in the book involve mainly nonlinear operators,
so that for all concepts, definitions and results related to the nonlinear
operators in Banach spaces and semigroup theory we refer the readers to
the monographs [10-14, 22, 29, 30, 95, 99].



Chapter 1
Existence for Parabolic—Elliptic
Degenerate Diffusion Problems

In this chapter we are concerned with the study of some boundary value
problems with initial data formulated for parabolic—elliptic degenerate
diffusion equations with advection, focusing especially on the fast diffusion
case which involves a free boundary problem (case (a) in Introduction). After
setting an adequate functional framework for each situation we transpose
the boundary value problems into abstract formulations and study their
well-posedness with specific methods of the theory of nonlinear evolution
equations with m-accretive operators in Hilbert spaces. We investigate the
conditions under which particular properties of the solutions, like uniqueness
and time periodicity take place. We mention that the case without advection
was studied in [58]. Numerical simulations applied to problems arisen in soil
sciences complete the study and sustain the theoretical achievements.

Notation. We specify the functional spaces which will be further used.

Let £2 be a open bounded subset of RV (N € N* = {1,2,...}), with the
boundary I' := 02 sufficiently smooth. The space variable is denoted by
x:=(1,...,2n) € £2 and the time by ¢ € (0,7, with T finite.

We shall work with the spaces LP(£2) (see [30], pp. 89), Sobolev spaces
WmP((2) (see [30], pp. 263, 271) and the vectorial spaces LP(0,T;X),
Wm™P(0,T; X) where X is a Banach space (see [14], pp. 21), m > 1 and
p € [1, 00]. Briefly, we recall that

LP(2) ={f: 2 — R; f measurable, |f(z)|” integrable}, p € [1,0),

L®(0) = {

f: 02— R; f measurable and there is a constant C'
such that |f(z)] < C a.e. on 2
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are Banach spaces with the norms

1/p
1l = ( / If(w)lpdw) ,

£l Loe () = f{C5 [f(2)] < C a.e. on 2},

respectively. For m > 1 and p € [1,00] the Sobolev space W"P({2) is
defined by

WmP(2) = {f € LP(2); f measurable and D“f € LP(£2), with |a| <m}

N
where « is a multi-index and || = > «;, a; is a positive integer and D* =
i=1
ol
5. %1 o . ON *
éh‘fl ....8;ENN

The norm is defined by

1/p
||f||meP(Q) = Z ||Daf||1£p(_o) ;i1 <p<oo,
1<[a|<m
Hf”meOO(_Q) = lgrm“}ém ||Daf||poo(g) , if p = oo0.

We still denote H™(£2) = W™2({2) which is a Hilbert space with the
scalar product

(u, ’U)Hm(_Q) = Z (Do‘u, DQU)LQ(_Q).

1<]a|<m
Let X be a Banach space. We denote

f:(0,7) — X; f measurable and
LP(0,T; X) = | £(t)||% is Lebesgue integrable over (0,7T') for p € [1,00)

)

and ess sup || f(t)]|x < oo for p =00
te(0,T)

J
W0, 7] X) = {7 € D07 X); TL e 170,7:%), =1, m),
J

where D’(0,T; X) is the space of all continuous operators from D(0,T) to X.
These spaces are endowed with the norms
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T 1/p
”fHLP(O,T;X) = </0 Hf(t)HZ))( dt) J

£l oo 0,7,y = €55 sup [[f (D)l x s

te(0,T)
- 1/p
m d]f
”f” m, . = —_ 71§p<00,
Wmop([0,T];X) ; A2 || Lo 0,7 %)
ke
o0 vy = max ||—= » P=oc
1f llwm.oe o, 77:%) 1gj§m’ A || oo (0,7:x) 3

By C(]0,T]; X ) we denote the space of continuous functions f : [0,7] — X.

For simplicity, throughout the book we shall denote by (-,-) and ||| the
scalar product and the norm in L?({2), respectively.

For not overloading the notation, sometimes we do not indicate in the
integrands the function arguments which are the integration variables.

1.1 Well-Posedness for the Cauchy Problem
with Fast Diffusion

The first section is devoted to the study of a Cauchy problem for a fast
diffusion equation with transport written for the unknown function y(¢,x),
in which the degeneracy is induced by the vanishing of the time derivative
coefficient u(x), on a subset of nonzero measure of the space domain. The
equation is accompanied by Dirichlet boundary conditions and an initial
condition set for the function u(x)y(t,x).

The problem to be studied is

I(u(x)y)

S AR W)+ Y Ko(ey) 2 inQi=(0.7) x 2

y(t,x) =0 on X :=(0,T)x I, (1.1)
(u(@)y(t,2))] g = bo(z) in 2.

1.1.1 Hypotheses for the Parabolic—FElliptic Case

Let p, ys and 8} be given positive constants.
In this section 8* : (=00, ys] — R is a multivalued function defined as

e Jo B, T <y,
5“”—{f;+w%r:%, (1.2)
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where 3 : (—00,ys) = (p, +o0) is assumed of class C*(—o0,ys) and mono-
tonically increasing on [0, ys). We also make the hypothesis that it has the
behavior

B(r) > ~s|r|™ + p, for r <0, (1.3)
and the blow up property

Tli/(rgls B(r) = 400, (1.4)

such that

lim/ B(r) = pBz. (1.5)
s Jo

The blow up property (1.4) together with (1.5) account for the fast diffusion
character of the first equation in (1.1). In (1.3) v > 0 and m > 0. For the
sake of simplicity we can take in the diffusion nondegenerate case y3 = 0
and set

B(r) =p >0, for any r <0, (1.6)

without losing the generality. In fact in the nondegenerate diffusion case the
requirement is 5(r) > p > 0. The more general form (1.3) can be treated in
the same way. Consequently, 5* gets the properties

(C _Z) (T _?) 2 p(T _F)Qv VT,F € (_Oovys]v C € [3*(7’), C € 6*(F)7 (17)

Jim_ (1) = o, (18)
Jim " (r) = 57, (19)

The definition of the weak solution which we give a little later will specify
the exact meaning of the boundary value problem (1.1).

The function u is considered smooth enough, nonnegative and bounded
by the upper bound wys, that can be taken any positive constant. Hence we
assume

w e WH(92), 0 < u(z) < uar for any z € 2, (1.10)

revealing the degeneration of the equation at the points where wu is zero. To
be more specific we assume that

u(z) = 0 on 2y, u(xr) >0 on 2, = 2\, (1.11)
where §2y is a fixed open bounded subset of {2 with meas(£2y) > 0 and 2 is

strictly contained in (2, see Fig.1.1. The common boundary of {2y and (2, is
denoted 02 and is assumed to be regular enough.
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Qy

u(x)>0

Fig. 1.1 Geometry of the problem

We also specify that the domain where u vanishes can be formed by a
union of a finite number of subsets {2y with the properties specified before,
but we shall present the theory for only one subset.

Finally, the vector K : £2 X (—00,y;] is assumed of the form

_ Jalz)K(y), T € 2y,
Ko(@,y) = {a(:c), x € (2,

where a(z) = (a;(z))j=1,... N,

aj € Wh*(92), aj(x) =0in 2y, |aj(z)| < aé‘/[, for z € 2, (1.12)

and K : (—o0,ys] — R is Lipschitz continuous, i.e., there exists My > 0 such
that

|K(r) — K(T)| < Mk |r — 7|, for any r,7 € (—00, ys]. (1.13)
Moreover, we assume that K is bounded
|K(r)| < K, for any r € R. (1.14)

The term V - Ko(z,y) includes both a nonlinear advection term with the
velocity a(x)K’(y) and a nonlinear decay or source term with the rate V - a.
1.1.2 Functional Framework

We begin by establishing some notation and giving a few definitions.
Let us consider the Hilbert space V = H{(£2) with the usual Hilbertian

norm
, 1/2
lolly = ( [ Iveto) d:c) |

and its dual V' = H~1(£2).
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The dual V’ will be endowed with the scalar product

YD)y = WD)y v s (1.15)

where ¥ € V is the solution to the elliptic problem

Aoy =7, (1.16)

with Ag : V' — V' defined by
(Aov, @)y = / Vv - Veodz, for any ¢ € V. (1.17)
7

The notation (y,),, , represents the pairing between V' and V and it

reduces to the scalar product in L?(£2) if y € L*(£2).

It is well known that Ag = —A with Dirichlet boundary conditions is the
canonical isomorphism between H}(§2) and H~1(£2). Moreover, it is isometric
because

[yllv: = lllly - (1.18)
Indeed, by (1.15) and (1.16) we get

||y||%// = <y71/]>\//7\/ = <A0¢7¢>V/1V = ||w||%/7

where ¢ = Ao_ly.

We recall now the Poincaré inequality (see e.g., [30], pp. 290). Let 2 be
a bounded domain in RY with a sufficiently smooth boundary. For each
y € H}(2) we have

Iyl < cp Yl gy o) (1.19)

with cp depending only on {2 and the dimension N.
We also recall that if § € L?(£2) we have

1011y, < cpllf]l . (1.20)

Indeed, by (1.15) and (1.18)
16117 = (0, 9) vy = /Q Opda < (|0 [|]] < cp 1011 [¢lly = cp 101110l -

For 6(t) € V', we denote by 2(¢) the strong derivative of 6(t) in V", i.e.,

ﬁ(t) = lim ot +e) —0(t) in V',
dt e—0 €
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Finally, we specify that u € W°(£2) is a multiplicator in V’. Let § € V.
Noticing that uy € V for ¢ € V, we define

<U9, 7/)>v/,v = <95 ’U/l/)>v/7v ) fOI' any 1/) € V7

and see by (1.15) that uf is well defined since

||UGH%// = <U97¢>V/,V = <9=U¢>V/,v < |0lly: luidlly < Clllly, = Clublly,

where Agtp = ub and C includes the norm [[ull, = [[ully1.(g)-
Problem (1.1) will be approached under the following hypotheses for f and
the initial datum:

feL*0,T;V, (1.21)
0o € L*(£2), 6y = 0 a.e. on (2,

0 0
0o > 0 a.e. on 2, s L*(2,), 2 < Ys, a.€. T € 2. (1.22)
m m

We recall that 2, = (2\(2_0 and it is an open subset of (2. The non-
negativeness assumed for 6 is in agreement with the physical interpretation
of 0y, that of a density (in general) or a temperature. From the mathematical
point of view it does not diminish the generality.

We give now the definition of a weak solution to (1.1).

Definition 1.1. Let (1.21) and (1.22) hold. We call a weak solution to (1.1)
a pair (y, (),

y € L*(0,T;V),
¢ e L*0,T;V), ((t,x) € B*(y(t,z)) ae. (t,x) € Q, (1.23)

uy € C([0,T]; L*(£2)) nWH2([0, T]; V'),

which satisfies

<%(tw>vw + /Q (VC(t) = Ko(a,y(t))) - Vipda
=(f),¥)y v, ae. t €(0,T), for any ¢ €V, (1.24)

the initial condition (uy(t))|,_, = fo and the boundedness condition

y(t,z) <ys ae. (t,x) € Q. (1.25)
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It is easy to see that an equivalent form to (1.24), which will be used many
times in this book is

/OT <%(t)’ ¢(t)>v/,v dt + /Q (V¢ = Ko(z,y)) - Vodadt

T
= /0 (f(t), 9(t)) vy dt, for any ¢ € L*(0,T; V). (1.26)

A proof of the equivalence between (1.24) and (1.26) can be found in [84],
pp- 81.

We also specify that a weak solution is a solution in the sense of
distributions to (1.1). Indeed if we take ¢ € C§°(Q) in (1.26) we get after
some computations involving Green’s and Ostrogradski’s formulae (see [13],
pp. 13) that

/ (ﬂgty) CACH Y - Koz, y) — f) ¢drdt = 0, Vo € C5°(Q),
Q

which means that

%—AC+V~KO(I,y)—f:Oin D'(Q).

The boundary condition on X' is immediately implied by the fact that the
solution y(t) € V = H}(2) a.e. t € (0,T).
Now we pass to the abstract writing of our problem. We set

D(A) :={y € L*(2); I €V, {(z) € B*(y(x)) a.e. x € N}

and introduce the multivalued operator A : D(A) C V' — V' by
A 0)yy = [ (V¢ Kole,y) - Tidn, ¥ € V., for some ¢ € ().
2

With all these considerations we write the abstract evolution problem

d(uy)
dt

(t) + Ay(t) > f(t), ae t€(0,T),
(uy(t))];—o = fo- (1.27)
We consider now the multiplication operator

M : D(A) — L*(2), My := uy, (1.28)
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whose inverse M ~! is multivalued. Denoting
0(t,x) == u(x)y(t, z) (1.29)
(and formally writing y = M 10 = £) we can rewrite (1.27) in terms of ¢ as

%(t) + BO(t) > f(t), ae. t € (0,T),

0(0) = 6o, (1.30)

where B = AM~! and
D(B) := {9 € L*(0); g € L*(2), I €V, ((x) € B* (%(:c)) a.e. x}

We see that 6 € D(B) implies § € L*(2) and y = ¢ € D(A). Conversely, if
y =2 € D(A) it follows that 6 = uy € D(B).

Besides the notion of weak solution previously given we recall the concepts
of strong and mild solutions (see e.g., [11,29]). Let H be a Hilbert space and
let us consider the problem

%@+m@9ﬂwm¢e@ﬂ,

2(0) = zp, (1.31)

where A : D(A) C H — H is a nonlinear time-independent and possibly
multivalued operator. Let f € L1(0,T; H) be given, and zy € D(A).

A function z € C([0,T); H) is said to be a strong solution to the Cauchy
problem (1.31) if z is absolutely continuous on any compact subinterval of
(0,7, satisfies (1.31) a.e. t € (0,T), 2(0) = zp and 2(t) € D(A) a.e. t € (0,T).

We remind that the absolute continuity on any compact subinterval of
(0, T) implies the a.e. differentiability on (0,T"), because H is a Hilbert space
(generally this is true for a reflexive Banach space). Hence it is clear that a
strong solution z € Wht([a,b]; H), for all 0 < a < b < T.

In literature by a mild solution to (1.31) it is meant a continuous func-
tion which is the uniform limit of solutions to a finite difference scheme
corresponding to the problem (see [10,11]). We shall detail this definition
in Chap. 2.

For a later use we still define j : R — (—o00, +00] by

i) { Jy 67(©)de, v <, (1.32)

+o00, > Ys.

Next, we recall the concepts of lower semicontinuity (l.s.c.) and weakly
lower semicontinuity and subdifferential.
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Let X be a Banach space and let ¢ : X — [—00,00]. The function ¢ is
proper if p(x) # 4o00. The function ¢ is convex if

p(Az1 + (1 = Na2) < Ap(x1) + (1 = Np(22)

for A € [0,1] and any =1, x2 € X.
The function ¢ is said lower semicontinuous at xg € X if

liminf p(z) > ©(xp).

Tr—rT0o

If ¢ is l.s.c. at each point z¢p € X then it is l.s.c. on X.
A function ¢ is sequentially weakly lower semicontinuous on X if for any
sequence (Zp)n>1, Tn € X, such that x, — = we have

p(z) < liminf p(x,), Vo € X.

n—oo

Let ¢ be a proper convex lower semicontinuous function and let z € X.
The set

dp(e) = {a" € X'3p(a) - 9(2) < ("2~ 2)yu x . Vz € X}

is called the subdifferential of ¢ at z.

Lemma 1.2. The function j is proper, convez, lower semicontinuous and

B (r), < ys
9j(r) = 1By, +00), r=1ys (1.33)
g, r>Ys.
Proof. First, we notice that
i = [ s = 5w < (1.34)
0
Then, for r < ys,
J(r) <j(ys) = lim [ B*(§)dE < lim Bir = Blys, (1.35)
r s Jo . Ys

so j is proper. It is also obvious that j is convex.

We show now that j is lower semicontinuous. For r < y, the function j is
continuous, so we have only to study what happens at y,. Let us consider a
sequence (rp)n>1 C R, 7, <ys, such that r, — ys and write

i) = /0 " g (©)de = /0 OB (©)de
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where

1if0<E<ry,,
0ifr, <& <uys.

Xn(§) :{

We have xa(€)8°(€) > 0 and x,(€)3*(€) = 5*(€) a.e. on (0,y,) as n — oc.
Using Fatou’s lemma (see e.g., [13], pp. 3) we have

Ys Ys
IMMNMJMMAX&W@ME B*(€)dE = j(y2).

n—roo n—oo 0

Finally we have to prove that * = 9j. We begin with the inclusion 5* C 9j.
We have to prove that if v € §*(r) then v € 95(r), for any r < ys, i.e.,

j(r) —jy) <wv(r—y), foranyy e R and r < y;.

This inequality is obvious for r < ys and y < ys and for r = y = ys.
Let » = ys and y < ys. Then we have

) — i) = [ B ©de = tim [ B*(E)de < B2 (e — y) < valys — v),

y T Ys Jy

where v, € [8%, +00) = 8*(ys). If r < ys and y = y5, we have

J(r) —j(ys) / B (

and this comes back to the previous situation. If » = ys and y > ys, then
j(y) = 400 and the inequality is verified.

Now we notice that the function §* is maximal monotone on R. Indeed,
the range R(I 4+ $*) = R, this being implied by the observation that the
equation r 4+ 8*(r) = g € R has a unique solution in (—o0,ys]. In conclusion,
£* is maximal and satisfies the inclusion 8* C 07, hence it should coincide
with dj. So, we have proved (1.33) as claimed. O

1.1.3 Approxrimating Problem

The approach of the Cauchy problem (1.27), or equivalently (1.30) is based
on some preliminary results. Since A is multivalued due to both M~! and
£* we introduce an approximating problem by regularizing both of them. In
this subsection we shall study the approximating problem while in the next
subsection we shall prove that it converges in some sense to (1.27).
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Thus, let € be positive and replace u by
ue(x) := u(x) + ¢,

and * by a regular single-valued function 8 : R — R. This can be defined
as a regularization of £* using mollifiers, or for convenience it can be taken
of the form

ey ) B, r<ys—e¢
Belr) = { B*(ys — ) + —B:_ﬂ*s(ys_a) [r—(ys —¢€)], r>ys—e. (1.36)

The function 8¥ is differentiable and has the derivative denoted . bounded
on R, for each € positive. Also, 5 is monotonically increasing on R,

(BX(r) = B2(F)) (r —=7) > p(r — 7)?, for r,7 € R, (1.37)

and

lim BI(r)=—oc0, lim BI(r) = +oc.

r——00 r——400

The function K is extended for r > ys by its value K(y,) < K, but
for the sake of simplicity we denote this extension still by K. Consequently,
Ko(z,r) = a(x)K(r) will extend K¢ by a(x)K (ys) for r > ys.

Then we define the single-valued operator A, : D(A.) C V' — V', where

D(Ac) = {y € L*(2); B(y) € V'},

(At )y = / (VB:(y) — Koz y)) - Vipde, for any ¢ € V,  (L38)

and we introduce the approximating Cauchy problem

d
%(t) + Aoy (t) = f(t), ae. t € (0,T),
u:y=(0) = bo. (1.39)
Denoting now 6. := wu.y. we can write the equivalent approximating

Cauchy problem in terms of 6.,

dd_eta(t) + B.0.(t) = f(t), ae. t € (0,7),

0-(0) = 0. (1.40)
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The operator B. : D(B.) C V! — V" is single-valued, has the domain

D)= {oe @ 5 (L) ev}

€

and is defined by

(Bev,¥) )y, = / (Vﬁ: (i> — Ky (:v, i)) - Vipda, for any ¢ € V.
’ n Ue Ue
(1.41)
In fact we note that B.v = A, (u%) and v € D(B.) is equivalent to u% €
D(A,).
Also, it is easily seen that D(B.) = V. Indeed, if v € D(B;) it follows that
u% € V by the fact that the inverse of 5} is Lipschitz, and from here we get

that v € V, since ue € WH>(£2). Conversely, v € V implies -= € V and
taking into account that the derivative of 37 is bounded for each ¢ > 0 we

obtain that g} (u%) € V. We recall that u. = u +¢ € W ().
Definition 1.3. Let (1.21) and (1.22) hold. We call a strong solution to
(1.40) a function

0. € C([0,T); L*(2)) nW2([0, T); V'), B2 (Z—) € L*(0,T;V),

that satisfies (1.40), which can be still written

db. . [ 0O 0.
<%<”’¢>w “, (Vﬁs (u:) ~fo (””’ui)) Vi

=(ft): )y vy, ae. t€(0,T), foranyy €V (1.42)

and 6.(0) = 6.

Since by 6. := u.y., problems (1.40) and (1.39) are equivalent, it means
that if 6. is a solution to (1.42) then y. is a solution to (1.39) and belongs to
the same spaces as ..

An equivalent form to (1.42) can be written as

T
/0 <d(1§ty5>(t),¢(t)>v/7vdt+/Q(Vﬂ;*(ys)—Ko(x,yJ)-dedt

T
= /0 (f(t),0(t))ys , for any ¢ € L*(0,T;V). (1.43)



14 1 Existence for Parabolic—Elliptic Degenerate Diffusion Problems
1.1.4 FExistence for the Approximating Problem

First we shall prove that, for each € > 0, (1.40) has a unique solution 6. and

consequently, (1.39) has a unique solution in their appropriate functional

spaces. The proof is essentially based on the quasi m-accretivity of the

operator B. on V'. Because we are working in Hilbert spaces, we recall the

celebrated theorem of Minty (see [79], or [14], pp. 34), by which the notion of

a maximal monotone operator is equivalent with that of m-accretive operator.
We say that B. is quasi m-accretive on V' if A\I + B, is monotone,

(M + B2)0 — (M + B.)8,0 — 0)y: >0, V0,0 € D(B.),

and surjective,
RO\ +B.)=V',
for all A > Ag.
Lemma 1.4. The operator B. is quasi m-accretive on V',

Proof. Let 0, 6 € D(B.). We compute

V(5 () - () o
N Ug Ug

(B:6 —B.6,0—90),, = /

(o) 2)) o

where ¢ € V' is the solution to Agy) = 6 — . Recalling (1.12)—(1.13) and that
e <wue(x) < upr + € we have

/9 (KO <x ui) ~ Ko <x g))  Vipda

N

o 81|
s;/mMij(xn e L
al ylo—a
< Mgajt || — IV9 220
Jj=1 € L2(Qu)
M, Mo
< — =8Il =—llo-ollle -9l (1.44)
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_ N

where we have denoted M = Mg > aéw . Next, taking into account (1.37)
j=1

we compute

(M + B.)0 — (\ + B.)8,0 — 0)y-

+ (B0 — B-0,60 — ?)V,

of, 2 ()= () oo

p H _§H2 M up + €
2(upr + €) 2e2
_ M up + €
_<,\ PER ) mue al°, (1.45)

so that B. is quasi-monotone for A > A\ = % We recall that ¢ is
positive fixed.
Next we have to prove that R(AI + B.) = V' for X large, i.e., to show that
the equation
M.+ Bb. =g (1.46)

has a solution 0. € D(B;) for any g € V'. If we denote 5* (% =(evV,

due to the fact that 37 is continuous and monotonically increasing on R and
R(fZ) = (—o0,00) it follows that its inverse

G¢ = u(B2) 1) (1.47)
is continuous from V to L?(£2). Indeed, for ¢, { € V
|G¢ = GC| = [Jue ((B2)71(¢) = (B) Q) || (1.48)
< BEE o) < T Dr g,

where we used (1.37) and Poincaré’s inequality (with the constant cp).
So, (1.46) can be rewritten as

AGC+BoC =g (1.49)

with By : V — V' defined by

(BoG: )y y = /Q (Vg‘ — Ko (;v %)) - Vipdz, Y € V. (1.50)
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We shall show that AG + By is surjective. First we have

<()‘G + BO)C - ()‘G + BO)Z? C - Z>V’ v

— — —2
=A/Q<G<—G<><<—<>dx+/n!wc—o\ du

_/Qa(z) (K (%) _K <i_5>) V(¢ ~Q)dx

/QUE(GC GQ) dx+/\v< <\ dx

M _ _
M ec - atc -z,

Ap M

> (- 3 ) os-atl+ § el

so AG + By : V — V' is monotone and obviously coercive for A > Ag.
We recall that the operator T : V — V' is called coercive if

Tz,,z
lim —< o n>V,’V = 400
n—oo ”ZnHV

for any sequence (z,)n>1 with lim ||z, = +oo.
- n—oo

The inequality (1.48) implies also that the operator AG + By is continuous
from V to V' and since it is monotone it follows that it is m-accretive. Being
also coercive it is surjective (see [14], pp. 37). Therefore (1.49) has a solution
meaning in fact that we have proved that (1.46) has a solution 0. € D(B.),
i.e., that B is quasi m-accretive. g

Next we give an intermediate result that will be used in the existence proof
of the solution to the approximating problem.
First we define

0= [ B v er (151)

and notice that 9j.(r) = BZ(r), for any r € R.
Let

F:K (meas( 1/2211
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Proposition 1.5. Let f € L?(0,T;V’') and 6y € L*(§2). Then problem
(1.40) has a unique strong solution satisfying

/6. db. 1 [t /0. 2
[vcwic (Z0)ars§ [ ars [z (Z0)] o
0 T _
f;LuAmk(i)dx+A O dt+ BT, te 0,7 (152)
Moreover,
o).l + 5L [N 7) ) ar

+Ayve—7@ﬁn

where 0, a_nd_gE are two solutions to (1.40) corresponding to the pairs of data
0o, f and Oy, f, respectively.
In addition, if f € W12([0,T); L*(£2)) and 0y € V, then

ge(ifz “M+s+1) (!\90—90 f/ dt) (1.53)

Oc,ye, B2 (ye) € L*(0, T3 H*(£2)). (1.54)
Proof. The proof is done in two steps. At the first step we take
0y € D(B.), f e Wh ([0, T];V").
Hence the existence of a unique solution to (1.40)
0. € C([0,T]; V') nWh>=([0,T]; V') N L>=(0,T; D(B.)),

@(%>eﬁﬂmﬂV>

Ue

follows from the general theorems for evolution equations with m-accretive
operators (see [14], pp. 141).
By the properties assumed for 8%, we deduce by (1.37) that its inverse is
=)

Llpschltz with the constant hence Bz (i( )) D(B
( ) € H(2), a.e. t. Since (5 )~1(0) = 0 the trace of &= =(t) (see [13], pp. 122)
makes sense and vanishes on I'. Therefore e L*=(0, T V). For proving the

= H}(£2) implies
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estimate (1.52) we test (1.40) for 32 ( ) € V and integrate over (0,%) x {2.

Taking into account the relation
b/ de. L [0
[ (G (F@))
0 T Ue VIV
i d 0.
= (@)— [J- | —(¢ dzd
o Jyeriy (e (Ge0) e

[0 [0
~ [ wetwric (20} ao - [ wetwi (%) an
N Ue N Ue
we obtain that

[ v (Z)ar+ [ o (L) idr
< [ wetwrse (2) o [ 1| ()
[ (e ) o (%)
From there, using (1.14) we get
[ v (E0)a+ g [ oz (20)| o

T
< / e () e (9—0> dx—i—/ [FG]ES dt + KT, for t € [0,7]. (1.55)
2 Ue 0

dr
v

2

Next, we multiply (1.40) scalarly in V' by ddetf and integrate over (0,t).

By similar computations based on the definition of the scalar product in
V', we get

db.
dr (7)

ZV/ dT—I—/QuE(:Z:)jE (Z—i(t)) da (1.56)

. 0o r 2 T2
< [ ucaric (L) o+ [0 a0+ K.

Adding the previous two inequalities we obtain (1.52).
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In the second step we take
0o € L*(2) = D(B.), f € L*(0,T;V").
Since WHL([0,T]; V') is dense in L2(0,T;V’) and D(B.) = V is dense in

L?(02) we can take the sequences (f,)n>1 C WH([0,T]; V') and (03)n>1 C
D(B.) such that

fn — f strongly in L*(0,T; V"),
08 — o strongly in L?(£2) as n — oo.
Then, for each € > 0, the problem

dor
dt

(t) + BOZ(t) = fu(t), ae. t € (0,T), (1.57)
02(0) = b

has, according to the first step, a unique solution 07 satisfying the estimate

(1.52), namely,
2 n
o (%)

on 1/t 1 /¢
Ue () ]e —€t>d:c—|——/ dT—|——/
/ ()(%o 3 o

.9_3x T 2 32
< [ wt@ic (B ao+ 1017+ BT (1.59)

€

2

dr
1%

aor
dr

(1)

for any ¢ € [0,T]. We stress that ¢ is fixed.
We notice that j. is Lipschitz and by the definition of 3} and j. we have

2
n
95

s Bi — B*(ys —€)
Ak < Bs P s 2 .
/Qus(:zr)js <u€)d:c_(uM+5) 5 o (1.59)
whence
gr 1 [tdor |1 1t gr 2
€ .5 —=(t n = n =
/ﬂu (x)j (Ua()> d:c—|—4/0 I (1) vsz+4/0 Jo (UE(T)) VdT
* Q% . — on 2 T .
S(uM—l—a)%iyE) % +/ a2, dt+ KT (160)
€ 0
* Q% . — 9 2 T -
< (g + o) EZ =B [Fy )R, e+ BT 42,
€ 0

due to the strong convergence 6 — 6y and f,, — f as n — oo. Thus the
right-hand side in (1.60) is independent of n, since ¢ is small, fixed, e.g. ¢ < 1.
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Recalling (1.34), j.(r) > §r? for any r € R, we can write by (1.60) that

LAl
*_ Q% _ 2 T
< (uM—H)w b +/ IF@)2 dt + K- T+2, (1.61)
e Uge 0

for any t € [0,T].
We deduce that (5;‘ (0_;‘)) lies in a bounded subset of L?(0,T;V) and

Ue

(dgg ) is in a bounded subset of L?(0,T;V’). Therefore we can select a

subsequence, denoted still by the subscript n, such that
doy — do.
dt dt

in L(0,T;V’) as n — o0,

o’n,
B <u—€) — (. in L*(0,T; V) as n — oo.

€
€
The latter immediately implies that

£~y in L*(0,T;V) as n — oo.
Ue

n

But u. € Wh>°(£2) and the sequence (0.), = (us%”;) is bounded in
L?(0,T;V) so that we get

07 — 6. in L*(0,T;V) as n — oo.

At this point we recall the following theorem (see [7,77]).

Theorem (Aubin—Lions). Let X, X5, X3 be three Banach spaces, X1 and
X3 reflexive, X1 C Xo C X3 with dense and continuous inclusions and
the inclusion X1 C Xo is compact. Let (zp)n>1 be a bounded sequence in
LP1(0,T; X1) such that (d;—gl)nzl is bounded in LP3(0,T; X3). Then (2n)n>1
is compact in LP2(0,T; X2), where 1 < p1, pa, p3 < 00.

On the basis of the previous convergencies and since V' is compact in L?({2)
it follows by the above theorem that

0" — 0. in L*(0,T; L*(£2)) as n — oo
and also (since us > ¢€) that

0 0
£ — —=in L*(0,T; L*(£2)) as n — oc.
Ug Ue
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By (1.36) we have

= () - (%)
Ug Uge

B = B*(ys — ) (9_2_9_5>

e

L2(Q) }

Ue Ue L2(Q)
and deduce that
* 9? * 95 . 2
il =) =8 —) in L7(Q), as n — o0,
Ue Ue
hence (. = 7 (Zf) a.e. on Q.
Moreover, since K is Lipschitz it follows that
o O\ . ;o 2
K|=)—=K|— | in L°(0,T; L*(£2)) as n — oo.
Ue Ue
Finally, the Ascoli-Arzela theorem (see below) implies that
07 (t) — 0-(t) in V', as n — oo, uniformly in ¢ € [0, 77, (1.62)

as we further prove. First we recall this theorem.

Theorem (Ascoli-Arzeld). Let X be a Banach space and let M C
C([0,T]; X) be a family of functions such that

(1) llu®)x <C,vte[0,T], ue M,
(i) M is equi-uniformly continuous i.e., Ve, 30(g) such that

[u(t) —u(s)|x < e if [t —s| <), VueM,

(i1i) For each t € [0,T] the set {u(t);u € M} is compact in X.
Then, M is compact in C([0,T]; X).

Indeed, the family M = (62),, C C([0,T];V’) is bounded (this follows
e.g., by (1.61)) and equi-uniformly continuous. To prove this, let ¢’ > 0 and
consider that o(¢’) exists such that |t — s| < o(¢’), for 0 < s < t < T. We have

t t
dey dey
||0?(t) — 0?(5)| v = H/ d; (r)dr < / d; () dr
s v s v
n 2
< |t— s|1/2 b <é, foro(e') < <, VoL € M,
dt L2(0,T;V") WO(E)

where vy(g) is the right-hand side in (1.60) which is independent of n. Still
by (1.61) we get that the sequence (67(t)), is bounded in L?({2) for any
t € [0,T] and since the injection of L?(£2) in V' is compact it follows that
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the sequence (07(t)), is compact in V’, for each ¢ € [0, 7). Hence the set M
is compact in C([0,T]; V), i.e., we have (1.62).
From here we get that lim 67(0) = 6.(0), whence 6y = 6.(0).
n—oo

By (1.57) we have that

d@" do.
dt

B.0" = f, in L?(0,T;V"), as n — oo.

Since B. is quasi m-accretive on V', its realization on L?(0,7;V’) is quasi
m-accretive too, hence it is demiclosed and the previous weak convergence
together with the strong convergence 67 — 0. leads to

do.

L*(0,T;V"),

(see [14], pp.100). We recall that a subset A of X x X is called demiclosed if
it is strongly—weakly closed in X x X i.e., z, — z, w,, — w where w, € Az,
imply w € Az. Thus, we have got (1.40), and proved that this problem has
the solution 6. € C([0,T], L?(£2)) n W2([0,T]; V') N L?(0,T; V).

Finally, passing to limit in (1.58) as n — oo, and using the lower
semicontinuity property we get (1.52), as claimed.

Consider now two problems (1.40) corresponding to the pairs of data
0o, f and fg, f. They have the solutions denoted 6. and ., respectively. We
subtract the equations and multiply the difference by (6. — .)(t), scalarly
in V/. Then we integrate it over (0,t¢). A few calculations on the basis of
(1.45) lead us to

l6-(5) - 9-(1)|I;

2 — 2
vt [ o) -l ar < oo -l

o[- >\V/dt+(M2<“M“ ! [6--2) 0

which by the Gronwall’s lemma implies (1.53). This also implies the
uniqueness if the data are the same.

Finally, we give an idea for the proof of (1.54). Let f € W2([0,T]; L?(£2))
and 0y € V. A rigorous computation means to replace (1.40) by a time
ﬁ*(ys(“rh)}z*ﬁ*(ys(t)) which isin V

finite difference equation, to multiply it by
and to integrate with respect to ¢. For simplicity we present a more formal
computation. We multiply (1.40) by 8,38;(5/5) and integrate over (0,t) x 2.

We get

/Ot/Qusﬂs(ys) <ily:>2dzdr+%/td%||vg;(y€(7))”2d7
=/Ot/9a<w>K<ya>-v(dﬁ*§k )d ar +//fdﬁ* v |
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After the integration with respect to 7 in the second term on the left-hand
side, we obtain

‘ dye ? 1 * 1 *
[ webetve) (S5 dar -+ 5 1821 - 5 182 elOD1

= [ @) Klw0)- V80— [ a)K (5:(0) - VB (v (0))e

[0}
-/ / a(x)al;—iy”~VB:<y5(r>>dzdr
— - T — t o7 g xdT
+ [ 1ws o= [ roswope— [ [ Lotisar

Next we have

¢ dye ? Lo
[ [ wesetuo (S) arde + 3 ez 1
< Co(e) + 7T (0 12 w6y .

o 8zt ar

of

+ep |[F@l ”ﬂ;(ys(t))nv"'CP/O 5, (M| 18 (e (M)l dr,

where

bo

Ug

00(5): +M

v

+cp|[£(0)

v

@) el
By B:(y:) > p and (1.52) we deduce
o [ (2) doar + 2ozt
+g/0t/95 (%f)%w% (f— +1> / 18 (5= (I

of
87( 7)

o ()
ue /||y

(1.63)

1
2

+2TT° ||y (0))12 + 263 || £ (1) +CP

dT,

whence we get % dy € L*(Q), B:(y-) € L>=(0,T; V) for each £ > 0.



24 1 Existence for Parabolic—Elliptic Degenerate Diffusion Problems

We continue with some other computations based on the arguments
developed in [84], Theorem 2.6, pp. 156. These are very long and technical
so we do no longer provide them. We obtain an estimate of the form

* 2 * 2 * 2
182 (We)llwr 2o,y 202 + 182 Welllzoo 0,7y + 182 Wellz20,m: 12 (02))

<m By — ﬂ*g(ys - 5)

(I (%)

where 71 is a constant depending on the problem data. Since 6y € V it

follows that u9+°€ € V and j. (ueﬁa) € LY(£2), so that by (1.64) we get

that 3 (y.) € L?(0,T; H*(£2)). By a direct computation we also get that
a;jK(y.) € L*(0,T; H(£2)), j =1,...,N.

For a later use we specify that these imply the flux continuity across a
surface, i.e.,

2
. 90 2
+/an (—u+5) dfv+|f(f)||w1,2<[o,T1;L2<n>>+1>=

\4

(1.64)

(Ko(x,ye(t)) — VBZ(ye(t))) - v is continuous across I, a.e. t € (0,7,
(1.65)

where [, is any surface included in {2 and v is the outer normal to I.
Indeed, since each component 7;(#) of the flux vector belongs to H*(£2), a.e.
t it follows that its trace on any line crossing the surface I, is continuous.
Therefore the normal component of the gradient is continuous across any I,
and in particular across 92. O

1.1.5 Convergence of the Approxrimating Problem

Theorem 1.6. Let (1.21) and (1.22) hold. Then, the Cauchy problem (1.27)
has at least a weak solution (y*,().

Proof. Let us assume (1.21) and (1.22), i.e.,

0o € L*(£2), 6y = 0 a.e. on (2,

0 0
0o > 0 a.e. on 2, 2 e L3(2,), 2 < Ys, a.€. T € 2.
m m
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According to Proposition 1.5 there exists a unique solution to (1.40), with
the properties (1.52), (1.53). Then, it follows that

0 0 0 0
o (B L (B (2o L5 (2)-
0 Ug 2 Ug 2. Ue 2. (5

since Z—“ = 0 a.e. on 2. Using (1.35) and the fact that u. = u+e > u on
2,, we still obtain

90/“5
/ ] ( ) dz = / / r)drdz
2u
90/71,
/ / r)drdz < fiysmeas((2),
2u

and so the right-hand side in (1.52) becomes essentially independent of ¢,

/ng 2)je (H—E(t)>dw+ Ot y / B*( u()>

T
<4(up+e) <B§ysmeas((2)+/ RGIES dt—f—sz), t€10,7T]. (1.66)
0

2

dr
14

do.
dr (T)

—

Then, using (1.34) we get

9 2
‘ \/U_Eu_s(t)
8 « T 2 —=2
< ;(uM +e¢) | Biysmeas(2) + NfONy dt+ KT |, tel0,T].
0
(1.67)
Next, we write again
0
0. = (Vi) v
Ue
and obtain
2 8 2 * T 2 772
16 ()17 < ;(UM+€) Biysmeas(2) + [ |f@)|y, dt+ KT), t€[0,T].
0
(1.68)

Therefore, the right-hand side terms in the estimates (1.66)—(1.68) are
bounded by constants (since € is small, e.g., ¢ << 1).
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1.1.5.1 Passing to the Limit as ¢ — 0

On the basis of these estimates we can select a subsequence denoted still by

the subscript €, such that

B (9—€> — Cin L*(0,T;V), as e — 0,
u

€
€

0
ye = — —yin L*(0,T;V), as e — 0,
Ue

0 Wk
Vie— 2 x in L®(0,T; L*(R2)), as e — 0.
Ue

But
0

0: = u.—
Ue

and since u. — u uniformly on 2 and u € WH°(£2) we have that
10cl| 120,71y < constant independent of e,

and so
0. — 0 in L*(0,T;V), as € — 0.
By (1.66) we still deduce that

do-  do ., o
o ElnL(O,T,V), as e — 0,

and by (1.40) we have

0

* £ Ade . 2 Ry
ApBE (%) dt_me(O’T’V)’ as e — 0.

Also, by (1.70), (1.72), (1.74) and u. — w uniformly we deduce that

0 = uy a.e. on @,

and obviously

0 =0 a.e. on Qo,

where Qo := (0,7 x £2y. Using (1.71) and (1.70) we still obtain that

Vieye = x = Vuy in L®(0,T; L*(02)).

(1.69)
(1.70)

(1.71)

(1.72)

(1.73)

(1.74)

(1.75)

(1.76)

(1.77)

(1.78)

(1.79)
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Again, by the Ascoli-Arzela theorem we deduce that
0-(t) = 6(t) in V', as € — 0, uniformly in ¢ € [0,7]. (1.80)
Thus,
b = lim 0.(0) = 0(0) = (uy(t))],—, .
By the Aubin-Lions theorem (6. ). is compact in L2?(0,T; L?(£2)), i.e.,
0. — 0 in L*(0,T; L*(2)) as € — 0. (1.81)
We set now for § > 0 arbitrarily small
25 :={x e 2; ulx) >0}, Qs:=(0,T) x £2s. (1.82)
We recall that
02, :={xe€2; ulx) >0}, Q,:=(0,T)x 2, (1.83)
and notice that {25 and 2, are open. We have

1 1 1
— = < = s,
U u+e 5011 d

so that, by (1.81) and (1.70) we can conclude that

1 0
ye = —0. — —i=yin L*(0,T; L*(525)), (1.84)

Ug

and a.e. in Qs, V6 > 0. Still by (1.70) we have that

0
ye = — —yin L*(0,T; L*(2.)). (1.85)

Ue

1.1.5.2 Convergence of 3¥(y.) on Q.
Let (t,z) € Qs. First, we shall prove that
C(t,x) € B*(y(t,x)) a.e. on Qs, (1.86)

where ¢ is given by (1.69). This will be proved using the fact that j is the
potential of 8*, i.e., B* = 0.
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To this end we establish some relations. We note that
Je(z) = j(2), ase — 0, for any z € R. (1.87)

This assertion is clear for z < ys — €, where j.(z) = j(2).
For ys — ¢ < 2z < ys we compute

Je(2) = (=) =

JCGE B*(&))d§’ <28 5 0ase 0,
Y

s—€

where we recall that 8% = lim, », 5*(r) (see (1.5)).
For z > y, we have

i = [ " e+ / T (et = / " e

s—€

B —B"(ys —¢)

+ﬁ*(ys_5)[z_(ys_5)]+ % [Z_(ys_g)]z'
Therefore, we have lim._,0 j-(2) = j(ys) for z = y, and
lim j.(2) = +o00 = j(z) for z > ys,.
e—0
Now, we are going to show that
/ J(y)dzdt < lim inf/ Je (ye)dxdt. (1.88)
Qs =0 JQs
Let € be small, e.g., € < y—; We can write
/ Je(ye(t, z))dxdt (1.89)
Qs

y

where

Je(ye (t, x))dadt + /

ja(yg(t,x))dwdt—i—/ Je(ye (t, x))dadt,
Qs

Q3

£
1

Qi = {(t,CC) S Q(;; yé(taz) <Ys— 6})
Q3 ={(t,z) € Qs; ys —€ < y(t,7) < ys},
Q5 ={(t,x) € Qs; ys < ye(t,x)}.
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We compute each term apart. For (¢, z) € Q5 we have

ys(t@) (t m)
e (ye(t, 7)) = / €)d = / €)de = j(ye(t, z)).

For (t,z) € Q5 we write

ye (t,2)

ey (t,2)) = / " prede + [ sriegae

= e )+ B~ D 9) — (s — )]
BB D (1) — (g - )
> ](ys - 5)

s—€

because the last two terms in the sum are positive on Q§ (5* is positive for

a positive argument and so 5*(ys —¢) > 0).
Next, if (¢,z) € QF, taking into account that 8% (r) > 5*(r) for r < ys and

B2 (ys) = B we have
Ys Ye (t,x)
'a ata = : d : d
jelweta)) = [ ﬁ(§)§+/ys B(€)de

> / " B () + B (s — ) (et 2) — )
0

Bi — B*(ys — €)

+ %2 (ys(t,llf) _y5)2

> §(ys)-
We resume (1.89), writing
| detettandsde> [ itetondsds [ itu - opddrs [ itunoa
Qs T 5 5

_ / Jy(t,2))dedt + / (et 2)) — 3(y(t, 0)))dadt
Qs H

+/ ((ys —¢) —j(y(tvx)))dxdtﬂL/ (I(ys) = d(y(t,x)))dxdt (1.90)
2 3
and we treat again each term apart.
Since y. — y in L?(Qs) it follows that on a subsequence y. — y a.e. on Qs,
and in particular this is true on Q5 and Q5. Moreover, y — j(y) is continuous
if y <ys and so we have

Jlye(t,z)) — j(y(t,z)) — 0 a.e. on QF, as ¢ — 0.
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Then j(ye (t, 2)) < j(ys—e) <j(ys) if (£, 2) € QF and so |j(ye (¢, x)) — j(y(t, 2))|
< 25(ys). In conclusion by the Lebesgue dominated convergence theorem we
deduce that

|| Gttt — itote.0))dsar

= [ 160000 = sttt .| e 0,

where s is the characteristic function of the set 7. For the second term
in the sum (1.90) we write

[ Gt =)~ ittt o)y
Q

= [ (G = 2) = slut)dode + [ (Gluelt,0) (e, 0)dad

The last term on the right-hand side converges to 0 by a similar argument
as before, using the Lebesgue dominated convergence theorem. For the first
term we recall that y — j(y) is Lipschitz if y < ys and we have

/ ((ys =€) = j(y(t, 2)))dzdt

< ] [ Gl =) =500t 2)was bt
Qs

<B: | lys —e— ye(t, )| dwdt
Qs

< Bimeas(Qs)e — 0 as e — 0,

where X ¢ is the characteristic function of the set Q5.
For the third term in (1.90) we write

/(j(ys)—j(y(taw)))dwdt=/ (4(ys) — 3 (y(t, ) xqs (¢, x)dwdt

H Qs

where x s is the characteristic function of the set Q.
We are going to show that

y(t,z) < ys a.e. on Qg

which will imply that the integral on ()5 is nonnegative.
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Thus, on the basis of these results coming back to (1.90) we deduce

e—0

liminf/ js(ys(t,z))dzdtz/ Jly(t, z))dxdt
Qs Qs

+liminf (/Q Gye(t,2)) — j(y(t, z))) dudt

e—0 e
1

o,
Qs

- / J(y(t,2))dadt
Qs

((ys —) = J(y(t, w)))dﬁcdt>

and so (1.88) is proved.
It remains to prove the assertion that y(t,z) < ys a.e. on Q5. We recall
(1.66) which implies in particular

t
18 e am < 0

that can be still written

t t
08 e+ [ 182 0D gurap d < €

The second term is positive and bounded, 87 (y-(7,z)) < 5% on Qs\Q5 =
{(t,z); y(t,x) < ys}, and replacing the expression of 5} we obtain

*

* _c 2
/ {ﬁ*(ys - 5) + L@S)[Qa - (ys - E)]} XQg(f,x)dxdt S C.
Qs

€

Further we have

* * 2
Qs

3

because 5*(ys — ) > 0. We recall that 5* is convex, which implies that

B — B (ys —¢)

- > Bys —¢€)

and so we get

C
2 +12
Ye — Ys) XQs (1, x)dzdt = Ye — Ys dzdt <
/Qé( )" xqs (L, @) Q5{( )"} By — o)
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where (y. — ys)* represents the positive part of (y. — ys). Now we pass to
the limit (recalling that y. — y in L?(Qs) by (1.84)) and take into account
that 8 blows up at ys, getting

/ {(y —ys) T} dzdt <0
Qs

whence we deduce that y(¢,z) < ys a.e. on Q5.
Now we resume the proof of the convergence of 5} on @)5. Since

ja(r) < ]a(z) + B;(r)(r - Z)u for any 7,z € R,

we can write the inequality in particular for z : (0,7) x 25 — R, z € L*(Q5)
and r = y.. We have

/ je(ye)dadt < / jee)dzdt + [ Br(yo)ye — 2)dedr.  (1.91)
Qs Qs Qs

Assume z < y,. Then j.(z) < B¥ys and using (1.87) we deduce by the
Lebesgue dominated convergence theorem (see [13], pp. 3) that

lim ja(Z)dCEdtZ/ j(2)dzdt.
=0JQs Qs

Next, we remind that B7(y.) — (¢ in L*(0,7;V) and y. — y in
L?(0,T; L*(£25)). By passing to limit as e — 0 in (1.91) and taking into
account (1.88) we obtain that

(y - Z)d:l?dt, Vz € Lz(Q(?)v z < Ys-

(1.92)

This implies that 95 = (. Here is the argument. Let us fix (tg9,x0) € Qs,
choose w arbitrary in R, w < y,, and define

/Q ()t < / J(2)dadt +

¢
Qs Qs

2t @) = {y(t, Y ((? @) ¢ Br(to, o)

w, ,17) S Br(to,Io),

Ehere B, (tg, zo) is the ball of centre (tg,x0) and radius r > 0. We denote
B, (to, o) = Qs\B:(to, xo). Then, (1.92) yields

/ J(y)dxdt + / j(y)dzdt
Br(to,mo) Er(to,mo)

S/ j(z)dzdt+/ J(z)dzdt
BT(t(),LE()) Er(to,wo)

~ #)dwd — 2)dadt.
+~/BT(to,wo)<(y Z)xt—|—/7 Cly — 2)dudt

B (to,z0)
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Taking into account the choice of z(t,x) we have

/ jly)dzdt + /7 J(y)dzdt
B.(to,xo0) B, (to,z0)

< / J(w)dzdt + / J(y)dxdt
By (to,zo0)

B (to,z0)

+ /Br(tO,zo) C(y — w)dzdt + /7 C(y — y)dadt

B, (to,0)

from where it remains

/ Jj(y)dzdt < / j(w)dzdt + / ¢(y — w)dxdt.
BT(to,Io) BT(to,LE()) BT(to,Io)

We recall the following definition. Let [ be a Lebesgue measurable function
on a set S and let zg € S. The point zq is called a Lebesgue point for [ if

1
lim ——— l(z)dx = 1(20).
0 meas(B,(z0)) /BT(zo) (z)dz = 1(z0)

The set of the points at which the previous relation holds is called the set
of Lebesgue points. We also recall that the set of Lebesgue points for an
integrable function [ on a set S has the Lebesgue measure equal to that of S,
namely almost all points in S are Lebesgue for [.

Thus, let us assume now that (¢g, xo) considered before is a Lebesgue point
for j. Dividing the inequality by meas(B,(zo,to)) and letting r — 0 we get

J(y(to, z0)) < j(w) + ((to, zo) (y(to, v0) — w), Yw € R, w < ys.

By the definition of j we get ((t,z) € 8*(y(t,x)) a.e. (t,z) € Qs. Then,
since ¢ is arbitrary and Q. = (Js- o @s, we infer that

C(t,z) € B (y(t,x)) a.e. on Qu,
and we deduce that
y(t,z) < ys a.e. on Q.
Finally, since (K (%)) is bounded in L?(Q) we have
€ €
0c o
K|—)—krinL¥Q), ase =0
Ue
and we assert that kK = K(y). Indeed,

K (ﬁ) — g in L?(Qy), as e — 0,
u

€
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too. On the other hand, K being Lipschitz it follows by (1.84) that
(K (94)) is strongly convergent on each subset @y,
e>0

Ue

K <£) — K (y) in L*(Qs), as e — 0.

Ug

By the uniqueness of the limit the restriction of the weak limit function x to
Qs must coincide with K (y) and this also implies that

k(t,z) = K(y(t,z)) a.e. on Qy.

On the subset @ the function a(z)K (1%) = 0, so by the definition of Ky
we get

0
Ky (:E, —8) — Ko(z,y) in L*(Q), as ¢ — 0.
€
Finally, we derive a relation which will serve a little later. Assume first
that f € WH2([0,T); L*(£2)) and 6, € V.
We recall that ((t) € V a.e. t € (0,T). Since this regularity is not sufficient
to define its normal derivative to a surface I'. C {2, we define a generalized

normal derivative of it 825}5), as an element of a distribution space on I'.. As

a matter of fact 8g_$/t) € H~'Y2(T.) which is the dual of HY?(I.) (see the
definitions of these spaces in [78]).

Assume that I, is a smooth surface surrounding the domain 2. C (2,
ie., I = 002. 1t n € H'(2.) and Ay € (H'(£2.))" then we define 92 ¢

H=Y2(I,) by

0
(Gt
14 H—l/z(rc)7Hl/2(I’c)

= (A0, 9) (i1 20y, w1 (o) + /Q Vi - Vipda, Vi € H' (). (1.93)

In particular, for n = ((t), £2. = {2y with the boundary Iy = 92 we define
the outward normal derivative g—ZC(t) a.e. t € (0,T), by

or¢(t
(T )
v H=1/2(Iy),H/2(I)

= (AC), ) (111 (20)), 1 (20)

+ [ V() - Vda, Vi € HY (), ae. t € (0,T),  (1.94)
20

where tr(1) is the trace of ¢ € H*(£29) on I5.
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In a similar way, considering (2, = £2\ 2y which has the common boundary
Iy = 0129 with 2y, we define %—;C(t) on I by the relation

O C(t
(T )
v H=1/2(Iy),H/2(I)

= <A<(t)7¢>(H1(.Qu))’,H1(Qu) + ‘/.Q VC(L‘) -Vibdx, Y €V, ae. t e (O,T),
(1.95)

where tr(1) is the trace of ¢» € V on I.
Thus we can obtain the continuity of the generalized normal derivative
across the surface I, in particular across I'y. Indeed by (1.65) we have

/F (K3 (2. 9e(1)) — VCE (1)) - v+ o
= /F (Ky (x,y:(t)) = V¢ (1) - v obdo, Vo €V, ae. t € (0,T),

where (. = 8% (y.) and the superscripts + and — denote the restrictions of the
functions on 2y and §2,, respectively. Also, v and v~ are the outer normal
derivatives to Iy from 2y and (2, respectively. Since V(. (¢) is bounded in
L?(02) independently on €, a.e. t (see (1.52)) we can pass to the limit and get

<(K8L(v y(t)) - VCJr(t)) : V+, w>H*1/2(F0),H1/2(F0)

= (Ko (5y() = V() v ) gy ey - W EV, ae t €(0,T)
(1.96)

where the normal derivatives 2 aC = V() vt and & C =V¢ () v
are considered in the generalized sense (1.94) and (1 95). For s1mphc1ty, here
we denoted tr(v) still by .

Now we can pass to limit as e — 0 in (1.43) and obtain

T
:/ / fodxdt, for any ¢ € L*(0,T;V), (1.97)
0 2

where ( is given by (1.69), ¢ = ili?% B (ye)-
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In particular if ¢ € C§°(Q.,) we get

/OT <%(”’ ¢(t)>v/)v dt + / (V¢ — Ko(x,y)) - Vodadt

u

T
=[] rodod (1.98)

where ¢ € 5*(y) a.e. on Q,. We have taken into account that

O(uy)

d(uy) _ 5L .1f uy >0 (1.99)

dt 0, ifuy=20

where a(gty) is the derivative in the sense of distributions.
If we take ¢ € C§°(Qo) we obtain
T

/ (V¢ — Ko(z,y)) - Vodadt = / fodxdt, (1.100)

u 0 QO

where ( is given by (1.69).

1.1.6 Construction of the Solution

Now we consider the following equations in the sense of distributions

%*A<+VKO(I,ZJ) 9f iHQ,

(=0 on X, (1.101)
obtained from (1.97) for ¢ € C§°(Q), where ¢ is given by (1.69),

I(uy)
ot

— AC+ V- Ko(z,y) 3 f in Qyu=(0,T) x §2,,
¢=0 onX, (1.102)
with ¢(t,2) € B*(y(t,z)) a.e. (t,2) € Q, and
—AC3f inQo=(0,T)x 2 (1.103)
with ¢ given again by (1.69).

The common boundary 92y of the domains (2, and 2y is regular. Since
¢ € L?(0,T;V) we deduce that for a.e. t € (0,T) the trace of the function
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¢(t) on any line Ly C 2 crossing the boundary 92, belongs to V, so that it
is continuous across Lg. Thus if we take zg € 92y then

()= lim ()= lim (@)= CH(t) ae. t € (0,7T).
zGﬁom?Qu Iga)}%(bo

We take into account that (~(¢) € 5*(y(t)) a.e. t € (0,T"), hence ¢ turns out
to be the solution to the elliptic problem

— AL(t) = f(t) in 29, a.e. t € (0,7) (1.104)
C(t) =¢(t) € B*(y(t)) on I, ae. t e (0,T),

where y is the solution to (1.102) in Q.
Now we can construct the function

i fult0) i (1,2) € Q.
vhe): {w*)l(c(t,x», it (t,2) € Q (1.105)

and show that it is the solution to (1.27). Since ¢ € L?(0,T;V) it follows
that y* € L%(0,T; D(A)), whence y* < y, a.e. on Q. This function belongs
also to the spaces specified in (1.23) (for the derivative we take into account
(1.99)).

We have to check that y* satisfies (1.26). If we plug y* given by (1.105) in
(1.26) and we take into account (1.99), (1.96) we obtain

/OT (T, ¢<t>>w i+ [ (V€ Kolay)) - Vordads

_ /OT <d(i‘5*) (t), ¢(t)>V/1V dt + / (V¢ — Kol(z,y)) - Vodadt

u

+/ (V¢ — Ko(z,y")) - Vodadt

_ /0 ! /Q Jodedt + /0 ! | fodudr = /0 ! | rodear,

for any ¢ € L?(0,T;V), ¢ € B*(y*) a.e. on Q. Here we used (1.98) and
(1.100).

Now, let f € L2(0,T;V’) and 0y € L?(£2). The previous relation remains
true, by density, but we do not provide all arguments because they are similar
with those given up to now. So, we obtain (1.26) as claimed and this ends
the existence proof. O
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Now we are going to specify a physical interpretation of the solution,
stating that the previous proof also implies

Corollary 1.7. The solution y* to problem (1.1) given by Theorem 1.6 is
the solution to the transmission problem

%—Aﬁ*(ty*)—i—v-l{o(m,y*) > f in Qu,
—AB*(y") > f in Qo,
(F=¢ onXo=(0,T) x 042,
(K(T(Iay*)_vc-i_)y-‘r = (KJ(Z,y*)—VC_)V+ on 20,
y*(t,x) =0 on X :=(0,T) x I,

(w(@)y™ (t,))|,—g = bo(x) in £2. (1.106)

Proof. Let f € WY2(]0,T]; L(£2)). Let us write that y* is a solution to (1.1)

/OT <d(z$*> (t),¢(t)>wv dit [ (V¢ Kolwy) - Vodsds

u

+/ (V¢ = Ko(z,y")) - Vodadt

= /0 ' /Q fodudt,

whence, expressing the integrals on @, and @) in another way, we get

T *
/ <M<t> At + V- a(@) Kol y* (8) — £(D), ¢<t)> dt
0 dt (HY(2.)) HY(24)
T
- /O (B (o™ )= VO v 00),

T
+/0 (=ACE) = f() () (11 (20)), 1 (520) U

. /0 ! (K Gt @) = Ve v o)

=0,

dt
H71/2(690),H1/2(690)

for any ¢ € C§°(Q). Using (1.102) and (1.103) we get
(Kq oy (8) = V¢ (1)) v+ (K (L y" () =V () vT =0ae. t, on 08

where v~ = —vT. The result remains true for f € L2(0,T;V’), by density. O
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This means that the flux is conserved across the boundary X, which
from the physical point of view is natural. As a matter of fact (1.106) is an
equivalent form of (1.27).

Finally, we mention that the presence of the advection term in nonlinear
degenerate diffusion problems, as well as in periodic problems as we shall
see, may induce difficulties in proving the solution uniqueness, especially
when using energetic relations. This is not a singular situation, because as
it is well known there are many nonlinear problems in which uniqueness has
remained an open problem (e.g. Navier—Stokes equation in 3D, nonlinear wave
equation). In general uniqueness follows under restrictive assumptions and in
diffusion with transport problems one can observe that it is ensured when the
diffusion dominates the advection. In media with low porosity it can also be
shown that a small enough velocity of the fluid is a condition guaranteeing
the flow uniqueness. So, we give next a uniqueness result, establishing in fact
a sufficient condition in (1.107) below. Its interpretation is that the advection
vector in absolute value is of the same order of magnitude as the square root
of the porosity. For the case when (1.107) is not obeyed one can accept that
the approximating solution (which is unique) is an appropriate candidate for
the solution to the physical model (1.1).

Proposition 1.8. Under the hypotheses of Theorem 1.6 assume in addition
that there exists k, > 0 such that

la(z)| < ky/u(x) for any x € 2. (1.107)
Then the solution to (1.1) is unique a.e. on Q.

Proof. Assume that we have two solutions (y*,¢) and (7*,¢) to (1.27)
corresponding to the same data f and 6y. We subtract (1.27) written for y*
and 7*, multiply the difference scalarly in V' by u(y* —7")(t), and integrate
over (0,t). We get

/Ot (M(T)’u@*_ﬂ*)(T)>V,dT+/Ot/QV(§—Z)'de:ch

= / (K(y*) — K(¥"))a(z) - Vipdadr, (1.108)
0 Jo

where Agyp = u(y* —7*). Next we have
1 2 ' = _
sl =70+ [ [ €=t~ g)dadr
0 (7]
t
< NMgh, / /Q Valy* —7%)| V| dudr

< NMxk, / IVat* = 7)) luly* = 7))y dr
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whence, recalling (1.7) we obtain

Sy 7))+ / / Vdadr

14 * 1 ! *
< / / w(y* —F")2dadr + = (NMich,)® / luly” — 7°)(r)]1%0 dr.
2Jo Jao 2p 0

Therefore, by Gronwall lemma (see [29]), [Ju(y* —y*)(t)”%/, < 0 and we
deduce that uy*(¢t) = uy*(¢) for any ¢t € [0,7]. It follows that the solution
is unique a.e. on the set @, where u(x) > 0. Therefore, using (1.104) which
is satisfied by ¢(t) € B*(y*(t)) and ((t) € B*(y*(t)) we write the problem
satisfied by their difference

A(¢ -
(S

)(t) = 0in 2, ae. t € (0,7T),

¢
¢)(t) = 0 on 012, ae. t € (0,T).

This implies that ((t) = ((t) a.e. t and since (8*)~! is single valued we get
that y*(t) = 7*(t) a.e. on £2y.Then the solution uniqueness follows a.e. on Q. O

Finally we would like to make a short comment about the continuity of
the solution with respect to the nonlinear functions, without entering into
details. We recall that such a property has been studied in [25] in the case of
Richards’ equation.

First we focus on the approximating problem (1.40). Let (K;); be such
that K;(r) — K(r) as j — oo, and (f;); be a family of graphb such that
(87); converges to 3* in the sense of the resolvent, that is

(1—|—/\[3;)71 = (14+XB")" 12, as j = o0, VA >0, Vz € R.

Then _
(I4+AB)™'g— (I+)B.) 'gasj— o0, forge V',

where B are the quasi m-accretive operators in (1.40) corresponding to ().
Then by Trotter-Kato theorem for nonlinear semigroups (see [14], pp. 168)
it follows that the corresponding sequence of solutions (6;). is convergent to
0 as j — oo in C([0,T]; V'). This continuity result can be further used to
get the continuity for the solution to the limit equation when ¢ — 0.

1.1.7 Numerical Results

We end this chapter with numerical simulations for the solution to (1.1). We
imagine some scenarios for a real-world model of water infiltration into a
nonhomogeneous porous medium (soil) in which a solid intrusion with zero
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porosity (a rock) is present. Assuming that the model (1.1) is already written
in a dimensionless form, let us consider the expressions

éi;Q’K“*:EigﬁfmremJ%c>l, (1.109)

pr) =
given by the parametric model of Broadbridge and White (see [33]). These
functions characterize the water infiltration into a soil whose properties are
strongly nonlinear when c¢ is in a neighborhood of 1 and weakly nonlinear for
larger values of ¢ (e.g., ¢ > 1.2).

We see that here lim,_,, -1 8(r) is finite. This may be obtained by a jump
of the function C' (defined in Introduction) at r = ry = 0 from a positive
value at the left to 0 at the right (see case (a) in Introduction), such that
the function 8* is multivalued at r = 1. All the results proved in this section
apply to this case as well.

The computations are done in the 2D case in the domain

2 ={(x1,22);21 € (0,5), z2 € (0,5)},
with (29 the circle with center in (2,3) and radius 6 = 0.1,
20 = {(z1,22); (x1 — 2)* + (32 — 3)> < 0.1%}
and the function u (expressing the porosity of the soil) is chosen of the form

in QO

1.110
in £2,. ( )

0,
(1, 22) =\ (21-2)%4 (22-3)2—0.12
100 ’

In the computations we take u.(z1,z2) = u(z1,x2) + 1077.
The functions 8* and Ky with the properties considered in this section are

(c—1)r?
= e 0,1 a() er "€ [0,1) in £2
=4 o T g = 1T °
[1,00), r =1, 0 in 0

The other data are: 0p(z1,22) = 0, a(zr1,x2) = (1,1), meaning that the
initial soil is dry and the advection is along both directions, and

t2, in (2,

f@m“”):{a in 2.
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Fig. 1.2 Contour plot of the function u given by (1.110)
a b
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Fig. 1.3 Solution # = uy in the parabolic-elliptic degenerate case for u given by (1.110)
and ¢ = 1.02

The algorithm is adapted from [39] for this degenerate case and the
computations are done by using the software package Comsol Multiphysics
(see [40]).

In Fig. 1.2 it is represented the contour plot of the function x5 = u(z1, x2),
i.e., the projection of this surface on the plane z1Oxs.

We are interested in some comparisons. In Fig. 1.3a, b we see the evolution
of §=uy (representing the volumetric water content or soil moisture)
computed for ¢ = 1.02 (a strongly nonlinear soil) at two moments of time
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a b
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Fig. 1.4 Solution # = uy in the parabolic—elliptic degenerate case for u given by (1.110)
and ¢ = 1.5

a b
Contour uy at t=0.5, c=1.5 for unon Max: 0.0413 Contour uy at t=2, c=1.5 for unon Max: 0.432
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Fig. 1.5 Solution 6 in the parabolic-elliptic nondegenerate case for u given by (1.111)
and c = 1.5

t = 0.5 (Fig.1.3a) and t = 2 (Fig.1.3b), while in Fig.1.4a, b we see the
evolution of § computed for ¢ = 1.5 (a weakly nonlinear soil).
Then we compare the graphics in Fig. 1.4a, b with those drawn in Fig. 1.5a,
b corresponding to the nondegenerate case with u positive given by the
relation
unon(zy, x2) = u(zy, x2) + 0.3 (1.111)

and ¢ = 1.5. This describes a porous medium with a higher porosity which
does not vanish, in which we see that the volumetric water content 6 can
reach higher values than in porosity vanishing case.
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1.2 Well-Posedness for the Cauchy Problem
with Very Fast Diffusion

Let us consider the problem

O(u(x)y)

y(t,z) =0 on ¥, (1.112)
(w(@)y(t,x))],g = Oo(x)  in £2,

in which 8* is a single valued function, # and g* blow-up at r = ys,

lim f(r) = +oo,  lim %(r) = hm/ B(s)ds = +00 (1.113)
. Ys Ys T Ys

(see case (b) in Introduction) and
B(r)=p>0, for any r < 0.
The functions u, a; and K are assumed to be as in the fast diffusion case,

i.e., obeying (1.10)—(1.14).
In this case we introduce the function j : R — (—o0, +00] by

j(r) = {fo’” Br(€)de, v <y,

—"_w? T 2 yS?

and specify that j is proper, convex, l.s.c. and

i) = {710 7 <

00, 2 Ys,

(see the proof in [84], pp. 74).
Let us assume that

feL*0,T;V"), (1.114)
0o € L*(£2), 6y =0 a.e. on £y, (1.115)

0o > 0 a.e. on {2, b € L*(2,), j (@) € LY(N).
u u
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Definition 1.9. Let (1.114) and (1.115) hold. We call a weak solution to
(1.112) a function y such that

y € L*(0,T;V), B*(y) € L*(0,T; V),
uy € C([0,T]; L*(£2)) nWH2([0, T); V'),

which satisfies

(Few) |+ [0 - K)o

=(f), )y vy, ae t €(0,T), forany ¢ €V,

the initial condition (uy(t))|,_, = fo and the boundedness condition

y(t,x) < ys a.e. (t,z) € Q.

In the same way as in the previous section we can write the abstract
Cauchy problem

d(uy)
dt

(t) + Ay(t) = f(t), ae. t € (0,T), (1.116)
(uy(t))];=o = bo,

where
D(A) = {y € L*(12); B (y) €V}
and V = Hi(£2), with the dual V' = H=1(02).
Then we pass to (1.30) by denoting 0(¢, ) = u(z)y(t, ).
Next we shall prove that (1.116) has a weak solution.

Theorem 1.10. Let us assume (1.114) and (1.115). Then, the Cauchy
problem (1.116) has at least a weak solution y*. In addition, if (1.107) holds,
then the solution is unique.

Proof. The proofis led as in the case of fast diffusion, with some modifications
imposed by the blowing-up of g*. First, we introduce the approximating
functions g, and 37 by

. 6(T)7 T<ys_5
@@y_{ﬁwy%% v (1.117)
() = B (r), r<ys—¢&
petr): {6*<ys—a>+6<ys—a>[r—<ys—s)], N
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and the approximating problem (1.40). It has a unique strong solution
satisfying estimate (1.52), by using the same arguments as in Proposition 1.5.
Then, if j ((1—0) € L'(£2) one can see that the upper bound of this estimate
does not depend on ¢ and the proof can be continued as in Theorem 1.6.
The delicate point is to show the convergence of SX(y.) to S*(y) in
L?(0,T; L*($2,)). This is implied by the convergencies (1.84), (1.85)
y. — y in L*(0,T; L*(£25)) as € — 0,

y. — yin L*(0,T; L*(2,)) as € = 0

and (1.69)
0
B (u—5> — Cin L*(0,T;V), as € — 0. (1.119)

€

We claim that ¢ = 8*(y) a.e. on Q. For this we set

Qss = {(t,l‘) € Qs; y(t,l‘) = ys}7 Qsn = {(t,l‘) € Qs; y(tv‘r) < ys}'

Then, if (t,2) € Qsn we have .(r) = B(r) (for € small enough) and we
can write

e (t,x) ye (t,x)
@@ww»—A &@M—A B(r)dr

y(t,z)
— / B(r)dr = B*(y(t,z)) a.e. on Qsp, as e — 0.
0

If (t,2) € Qss, then two situations may arise:

(p1) there is a sequence e — 0 such that y., (¢, ) > ys — k.
(p2) for all € < g we have y(t,z) < ys — €.

In the case (p2) the previous argument for (¢,2) € Qs, applies and
B (ye) = B*(y) ae. for (t,2) € Qss.

In the case (p1) we have
Yep (t,x)

Yep (tvx)fsk
BM%N@D—A ﬂmw+/ B (ys — ex) dr
Y

€l (tvz)f‘fk

Yoy, (t,2) —ek
=A B(r)dr + xB(ys — e) = +00 = B*(ys),

as € — 0,
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because foys B(r)dr = + oo, pursuant to (1.113). Hence, selecting a subse-
quence (denoted still by the subscript ), we have that

ﬂ;(ys) — ﬂ*(y) a.e. on Q(; as € — 0.

But (87(ye))eso is bounded in L?*(Qs) by (1.66) and since it converges a.e.
on Qs, it follows that 87 (y.) — B*(y) in L*(Qs). Then we get that ( = 5*(y)
a.e. on @5 and since ¢ is arbitrarily small we obtain { = 8*(y) a.e. on Q.
Here we have applied a consequence of Mazur theorem saying that if O is
a bounded open set of finite measure and (f,)n>1 is a sequence bounded in
L?(0) such that f,, — f a.e. on O, then f, — f in L?(0) as n — oo.
The proof is continued as in Theorem 1.6 and Proposition 1.8. g

1.3 Existence of Periodic Solutions
in the Parabolic—Elliptic Degenerate Case

In this section we deal with the study of periodic solutions to the degenerate
fast diffusion equation introduced in Sect.1.1, under the hypothesis of a
T-periodic function f. To this end, we first investigate the existence of a
periodic solution to an intermediate problem restraint to a period T and
extend then the result by periodicity to the time space Ry = (0, 00). The proof
involves an appropriate approximating periodic problem and the existence of
a solution is shown via a fixed point theorem on the basis of the results for the
approximating problem (1.40). This result will also allow to characterize the
behavior at large time of the solution to a Cauchy problem with periodic data.

We recall some previous papers dealing with periodic problems for
degenerate linear equations. In [16] a problem of the type

& (My() + Ay(t) = f(1), 0< <1,

with the periodic condition (My)(0) = (My)(1) has been studied. Here M
and A are two closed linear operators from a complex Banach space into itself,
under the assumptions that the domain D(A) of A is continuously embedded
in D(M) and A has a bounded inverse. Assuming suitable hypotheses on
the modified resolvent (AM + A)~!, it has been proved that problem admits
one l-periodic solution. Some examples of applications to partial differential
equations and ordinary differential equations have been given. The latter case
has been studied in the paper [17].
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The nondegenerate fast diffusion case with a nonlinear transport term
has been approached in the paper [87], while the degenerate case without
advection has been studied in [59).

As in Sect.1.1, 2 is an open bounded subset of RY and T is finite.
We consider the problem

O(u(x)y)

ot —Aﬁ*(y)—FVK()(CC,y) B f in R+ X Qa

y(t,z) =0on Ry x I, (1.120)
(u(@)y(r, )| = = (W@)y(7, 2))| ;=g p = 0 In Ry x €2,
under the assumption of the T-periodicity of the function f,
flt,z) = f(t+T,x) ae. (t,x) € Ry x £2. (1.121)

The hypotheses made for g*, Ky and u are preserved as they were
presented in Sect. 1.1 and we assume that f € L (Ry; V).

loc

We begin with the study of the existence for the solution to the problem
on a time period

A(u(x)y)

S~ AB(W) + V- Ko(ey) 2 finQ=(0.7) x 2

y(t,z) =0on X = (0,T) x I, (1.122)
(w(@)y(t,x))|,—g — (u(z)y(t,z))|,_r = 0in £2.

Then, this solution will be extended by periodicity to all ¢ € R;.

1.3.1 Solution Existence on the Time Period (0,T)

The functional framework for this problem is the same as in Sect. 1.1.
Definition 1.11. Let f € L>°(0,7;V"). We call a weak solution to (1.122)
a pair (y, () such that
y € L2(0,T;V), y(t,z) < ys ae. (t,z) €Q,
uy € C([0,T]; L*(2)) nWH([0,T; V'),
Ce L*0,T;V), ¢(t,x) € B*(y(t,x)) a.e. (t,z) € Q,
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satisfying the equation

/OT <%(t)’ ¢(t)>vuv dt + /Q(VC — Ko(z,y)) - Vodzdt

T
= /0 (f(t), (1)) y dt, for any ¢ € L*(0,T; V)

and the condition (u(x)y(t,x))|,_, — (w(x)y(t,x))|,_; =0 in £2.

With the same notation and definitions as in Sect.1.1. we consider the
periodic approximating problem

d(ucye)
dt

u:(y(0) —y=(T)) = 0

() + Acus(t) = f(t) ae. t € (0,7T), (1.123)

which is equivalent with

dd_ﬁta(t) + B.0.(t) = f(t) a.e. t € (0,T), (1.124)

by the function replacement 6. = u.y., with A. and B. given by (1.38) and
(1.41), respectively.
Let us denote

2 =2
Cr == (flimorwn +T) (1.125)
— N
where K = K, (meas(£2))'/? 3 a}! was defined in Proposition 1.5. We also
j=1

_ N
recall that p was specified in (1.6), M = Mg - a} and by cp we have
j=1

denoted the constant in the Poincaré inequality.
We are going to prove the following existence result.

Theorem 1.12. Let f € L>(0,T;V’). Then, the periodic approximating
problem (1.124) has a unique solution

6. € C([0,T); L*(2)) nWh2([0,T]; V)N L*(0,T; V),  (1.126)

B <&) € L*0,T;V). (1.127)

Ug
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Moreover, the solution satisfies the estimate
T 2 T 0
[ [l o [ 2 ()
0 v 0 Ue
T
s4</ wum%dr+fﬁj-
0

Proof. We apply a fixed point result and start this by fixing in (1.124) 6.(0)
in L?(£2) and denoting it by v, i.e.,

2

dr (1.128)
.

do.
dr

(1)

0-(0) := v € L*(92).
Hence we have to deal with the Cauchy problem

dd_ﬁta(t) + B.0:(t) = f(t) a.e. t € (0,T), (1.129)

whose well-posedness for v € L?({2) has already been studied in Sect. 1.1,
Proposition 1.5. Thus, (1.129) has a unique solution (1.126)—(1.127).
Let us consider the set

z
V Ue

where R is a positive constant for each £ > 0. We define the mapping

s.i={z e (@ |

< R.ae zx¢€ Q} (1.130)

U, : 8. =S, U.(v) =0.(T), for any v € Sc

where 0. (¢) is the solution to (1.129).

Since (1.129) has a unique solution for v € S., the mapping ¥, is single-
valued and we are going to show that it has a fixed point by the Schauder—
Tychonoff theorem (see e.g., [67], pp. 148), working in the weak topology.
We begin by checking the conditions of this theorem.

(i1) Tt is obvious that S is a convex, bounded and strongly closed subset of
L?(£2). Hence it is weakly compact in L?(£2).
(i2) Next, we have to show the inclusion ¥.(S.) C S-.
The solution 6. € C([0,7T]; L?(£2)) and so 0-(T) = u.y-(T) € L*(£2).
We test (1.129) for Zf € V and recalling (1.37) and (1.14) we get

2 2

1d| 6. 0. 0. |6,

T t —(t < t | — (T + K ||—(t

si | =] o] <ion |Eo| +7 o]
oo S| 2
<D= - ? N+ K.
<5l ®] + 5 (g + X°)
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Next, applying the Poincaré inequality we have

2 2

e

di || iz

dt
and using the relation u.(z) < upr +¢ < upr + 1 (since € is arbitrarily
small) we obtain

ch || ue

2 2

0
=+ po -

IR e

with pg = m. Integrating on (0,¢) with ¢ € [0,T] we get

t) < Cy

2

(t)

0. 2 v
<
v Ol = e

Now if RZ > G (and this is true since R, is large enough) and v € S
it follows that

c
exp(—pot) + p—g(l — exp(—pot))-

0
Z (t)H < R., forany t € [0,T].
€

=

Thus, we have obtained that 0.(T) = ¥, (v) € S, and therefore, it follows
that ¥.(S.) is weakly compact, too.
(i3) Finally, we have to prove that the mapping ¥, is weakly continuous.

For that we consider a sequence
{v"}51 CSe, 0" —wvin L%(£2) as n — oo,
and will show that
W (v™) = W.(v) in L*(£2) as n — oo.
We introduce the approximating problem

dor

o (t) + B0 (t) = f(t), ae. t € (0,T),

07(0) = v".
This has a unique solution

07 € C([0,T); V') nWh([0,T]; V') N L*(0,T; V), B (9—) € L*(0,T;V)

Ue
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satisfying the estimate (1.52). Now, by (1.59)

971 * Q% s — n |2
/ Usje (_s) dr < (upy +a)—55 ﬁ2(y &) [[v"
2 € 9 Ue
o™ 1 o™ 1
— — < —R
us || = Ve l[Vuel T vE T

due to the fact that v™ € S.. Therefore (1.52) written for 7 is bounded
independently of n, and we can proceed like in Proposition 1.5 to show that
07 tends in some appropriate space to §. which turns out to be the solution
to (1.129). This implies also the convergence

07 (T) — 0-(T) in V', as n — oo
due to the Ascoli-Arzela theorem (see (1.62)). Hence
W (v™) = 0(T) — 0.(T) = W.(v) in L*(£2),

and because S is weakly closed it follows that 0.(T) € S-.
Now the Schauder—Tychonoff theorem ensures that ¥, has a fixed point,
implying that
0-(0) = 0(T) or u0:(0) = ub:(T).

Consequently, (1.124) has at least a solution.

The estimate (1.128) follows immediately by (1.52) in Proposition 1.5, for
t="T.

Uniqueness is proved as in Proposition 1.5, taking the same data in (1.53).
This ends the proof of Theorem 1.12. a

Theorem 1.13. Let f € L*°(0,T;V’). Then, the periodic problem (1.122)
has at least a solution (y*,() such that

y* € L*(0,T;V),
uy* € O([0,T]; L*(£2)) N WH2([0, T]; V'),
(e L*(0,T;V), ((t,x) € B*(y*(t,x)) a.e. (t,2) € Q,
Yy (t,x) <ys ae. (t,z) € Q.

If (1.107) and
p > NMgk,cp/up (1131)

are satisfied the solution is unique a.e. on Q.
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Proof. The proof of the existence is based on the same arguments and is led
in the same way as in Theorem 1.6, including the construction of y*, with
the corresponding modifications due to the periodicity condition. Thus in the
approximating problem in Theorem 1.6, 6.(0) = u.y:(0) = u.y:(T) = 6-(T)
and by (1.80) we get (uy)|,_, = (uy)|,_, property which is inherited by uy*.
Obviously, uy™ =0 in Qg.
Assume now (1.107) and that there exist two solutions (y*,{) and
@*,Z) to (1.122) corresponding to the same periodic data f. We subtract
1.122) written for y* and 7* and multiply the difference scalarly in V' by

(0 -0+ [ 90 ~T0) - Tty
- [ (R 0) - K@ @)alo) - Vo)

where Aog(t) = u(y* — 7*)(t), a.e. t, (where we recall that Ag = —A
with Dirichlet boundary conditions (see (1.17)). Integrating over (0,7") and
proceeding as in Proposition 1.8 we get

1 * —x 1 *
TN - = luly” — 7)), + / RO AR

T
< %(NMKW / luy® — 7)), dr
< L (N Muckaep/am)? / Valy® — 7)) dr
— 2p b

where cp is the constant in the Poincaré inequality. We apply the solution
periodicity and it remains that ||\/ﬂ(y*—y*)||i2(Q) =0. This implies
that wy*=wugy* a.e. on @@ and then we continue as in Proposition 1.8.

O

1.3.2 Solution Existence on R

Now we can extend the previous result to t € Ry. We resume problem (1.120)
and prove

Theorem 1.14. Let us assume

feLE Ry V), ft,a)=ft+T,x) ae. (t,x) € Ry x 2.
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Then problem (1.120) has at least a solution y € L? (Ry;V) satisfying

loc
0 = uy € C(Ry; L*(2)) NW2 (R V),

y(t,z) < ys ae. (t,x) € Ry x £,
¢ e Li (Ry; V), where ((t,x) € B*(y(t,x)) a.e. (t,x) € Ry x L.

If (1.107) and (1.131) are satisfied then the solution is unique.

Proof. We consider first (1.120) on (0,7) with f|, 7). We obtain (1.122)
which has a periodic solution with (u(z)y(t,z))|,_, = (w(@)y(t,z))|,_pr
in 2. Then we consider (1.120) on (7,2T) with the periodicity condition
(w(@)y(t,z))|,_p = (w(@)y(t,z))|,_op in 2. We make the transformation
t" = ¢t — T and denote y(t',x) = y(t' + T,x) with ¢’ € [0,T]. Using
now the periodicity of the function f we find again problem (1.122) which
has a periodic solution (') with § = uy € C([0,T]; L*(£2)), such that
(w(x)y(t',z))|, o = (u(@)y(t',x))|,_p. Coming back to the variable ¢ we
obtain that (1.120) has a periodic solution such that u(z)y(t, z) is continuous
on [T, 2T] and this extends by continuity the solution obtained on [0, T]. The
procedure is continued in this way on each time period. Moreover, if a satisfies
(1.107) and (1.131) the solution is unique on each period. O

1.3.3 Longtime Behavior of the Solution
to a Cauchy Problem with Periodic Data

Finally we are going to characterize the longtime behavior of the solution y to
problem (1.1) with a T-periodic function f. The domain @ is taken R x (2,
and we assume that the solution starts from the initial condition 6y. Let

f S L?(?C(RJHV/)’ f(t,CC) = f(t+T7 SC) a.c. (t,SC) S RJr X Qa (1132)
6o € L*(2), 6y = 0 a.e. on £,

0 0
0o > 0 a.e. on {2, D e LQ(QU), —O(sc) <ys a.e. x € §2,
U U

and we recall that u,; is the maximum of u and c¢p is the constant in Poincaré
inequality (1.19).

Proposition 1.15. Let us assume (1.107) and (1.131). Then, the solution
to the Cauchy problem (1.1) with f periodic of period T satisfies

Jim [y — uo) (1) = 0 (1.133)
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exponentially, where w is the unique periodic solution to (1.120) and y is the
unique solution to (1.1).

Proof. By Theorem 1.14 the solution to (1.120) is unique and let us denote
it by w. We multiply the difference of (1.1) and (1.120) by u(y(¢) — w(t))
scalarly in V’, and we get

335 M=) O+ [ uty—wP (O

< NMgkycpy/uns ||ﬁ(y - w)(t)||2 .
Therefore, applying (1.131) we obtain

4
— [|U
dt

with § = P — NMKkuCP./’U,M.
We have that

(y— )OIy + 8 |[Valy — w)@)]* <0

/Q u(y(t) - w(®)de = — [ u(y(t) - w(t)?de > luly — w) (B3

2
UM Jo UMCp

hence p
7 16 = )5 + o luly =), <0

with §g = ﬁg. We deduce that

luly —w)(®)|3 < e 6o — (uw)(0)]|7

and this implies (1.133). O

Referring to applications in real-world problems we remark that the
behavior (1.133) of the solution to the Cauchy problem (1.1) with a periodic
f is possible only if the advection is done with a velocity in absolute value
lower than the porosity u and the diffusion processes has a sufficient high
diffusion coefficient. This means that the velocity must be sufficient small in
comparison with the pore dimension and that the diffusivity should dominate
the advection.

1.3.4 Numerical Results

We shall provide some simulations intended to show the behavior at large
time of the solution to (1.1) with a periodic f.
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a b
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Fig. 1.6 Asymptotic behavior of § = uy solution to (1.1) in the periodic parabolic—elliptic
degenerate case

The computations are done in 2D with 2 = (0,5) x (0,5), with the same
data for 29, u, f* and K as in Sect. 1.1, (1.110), (1.109), a = (1,1), c = 1.5
(a weakly nonlinear porous medium),

(|sin Q’T—Ot| + ’cos 1;T—OL‘D , T €8,

f(tvxlv'I?)_{O) v

and two different initial data. In Fig. 1.6a the values (¢, z) = u(z)y(t, z) are
computed for
0o (1, 22) = 0.0123u(21, 22)

and represented at x = (r1,4), 1 =1, 2, 4.
In Fig.1.6b there are the graphics 0(t,z) = u(z)y(t,x) at © = (z1,1),
x1 =1, 2, 4, computed for

6‘0(1‘1,5[:2) = 0.15[,'1(6 — xl)u(xl,xg). (1134)

We can see that after some time the solutions to (1.1) become periodic.



Chapter 2
Existence for Diffusion Degenerate
Problems

In this chapter we present another method for studying the well-posedness of
a multivalued degenerate fast diffusion equation by proposing an appropriate
time discretization scheme. We consider that the degeneration of the equation
is due to the vanishing of the diffusion coefficient and choose for this problem
Robin boundary conditions which contain the multivalued function as well.
In this case the operator defined in the abstract formulation of the problem
is not strongly monotone (and not invertible) because of the lack of strictly
monotonicity of the function 5*. Therefore, arguments following the general
theory (see [43]), related to the existence of a mild solution to a Cauchy
problem with an m-accretive operator on a Banach space (see also [11,45,73])
cannot be applied directly. We introduce a time-discretization scheme with
a quasi m-accretive operator and develop a direct proof of the stability and
convergence of it. This also enables the achievement of more precise results
concerning the convergence of the discretized solution to the solution to the
original problem. Besides the proof of the solution existence, this approach
is aimed to be a mathematical background to sustain the correctness of the
numerical algorithm for computing the solution to this type of equations
by avoiding the approximation of the multivalued function. The method was
developed for the nondegenerate singular fast diffusion case in [39] and treated
in the paper [88] for the degenerate situation which will be presented here.

2.1 Well-Posedness for the Cauchy Problem
with Fast Diffusion

As usually we consider {2 an open bounded subset of RY (N € N* =
{1,2,...}), with the boundary I' := 92 sufficiently smooth. We shall deal
with the boundary value problem with initial data

A. Favini and G. Marinoschi, Degenerate Nonlinear Diffusion Equations, 57
Lecture Notes in Mathematics 2049, DOI 10.1007/978-3-642-28285-0_2,
© Springer-Verlag Berlin Heidelberg 2012
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— —AB*(y)+ V- Ko(z,y) > fin Q:=(0,T) x £2, (2.1)
y(0,2) = yo in 2 (2.2)

and illustrate the theory by considering Robin boundary conditions of the
form
(Ko(z,y) = VB (y)) - v—aB™(y) 3000 2:=(0,T) x I, (2.3)

where v is the unit outward normal vector to I

In this model 8* is the multivalued function introduced in Sect. 1.1 having
the properties specified there, except for (1.3) which is assumed here to take
place with p = 0, i.e.,

B(r) = yp |r|™ for any r <0, (2.4)

with m > 0 and g > 0.
This implies that (1.7) is replaced by

((=C)(r=7)>0, Vr,T € (—o0,ys], ¢ € B*(r), ¢ € B*(7), (2.5)

so that in this case the degeneracy of the equation is induced by this property.

In a physical model the function « characterizes the space variable
permeability of the boundary I'. The boundary condition (2.3) expresses
the fact that the flux across the boundary is proportional to the diffusivity
and to the variable permeability of the boundary I" and no subset of it is
impermeable.

Taking into account the properties of 3* it follows that (8*)~! : R —
(—o0,ys] is single valued, continuous and monotonically increasing on
(—o0, %) and constant on [5¥, +00)

(B%)7H(r) < ys for r < B3, (B°) 7 (r) = ys for r > B;. (2.6)

We shall assume that Ky : 2 X (—o0,ys], having the same meaning as in
Chap. 1, is linear with respect to the second variable

Ko(z,r) = a;(x)r, i=1,..., N, (2.7)

namely that the advection has the velocity a(z) and is supposed to depend
linearly on the solution. From the mathematical point of view such a
requirement is necessary in all results related to existence, Proposition 2.5,
estimate (2.36), Theorem 2.6 (and will be explained at the end of the proof
of Theorem 2.6). Here we still assume that

a; € Whee(92), (2.8)
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satisfying
a-v<0on/I. (2.9)

In this section we assume that
feC(o,T]; L*(2)), (2.10)
and that a : I" = [y, apy] is continuous and positive,

a(z) > ay = mhrla(x) >0on I. (2.11)
zTE

The definition of the function j given by (1.32) and its properties remain
valid.

2.1.1 Functional Framework and Time
Discretization Scheme

As done before we denote the scalar product and norm in L?(£2) with no
subscript, i.e., by (+,-) and |||, respectively.
We have to work in the space V = H(2), choosing the norm

[l = (/Q|V¢(I)|2dx+/Fa($)|¢($)|2dg>1/2, (2.12)

which is equivalent with the standard Hilbertian norm on the space H*({2),
denoted by ||| 1 () - By the inequality

oy < r ([ (V0@ ds+ [lwoPan) wev, @)

(see [91], pp. 20), and the trace theorem (see [13], pp. 122) we deduce that

there exist positive constants denoted cy, cyg, c¢r, depending on oz,_nl/ 2, the
domain {2 and the dimension N, such that for any ¥ € V' we have

1llirscy < et W0l s 160y < ev bl oy 1l gary < er 61y -
(2.14)
The scalar product in the dual space V' is introduced by

(Y. 9y = (¥, A3'9)y,y,, foranyy,ge V', (2.15)

where (-, -)y y is the pairing between V' and V, and A : V — V' is the
operator defined by
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(A, ¢>v',v = /Q Vi - Vodr + /F a(x)odo, for any ¢, ¢ € V. (2.16)

Definition 2.1. Let f € C([0,T]; L*(£2)) and
Yo € L2(2), yo < ys ae. x € N
hold. A weak solution to (2.1)-(2.3) is a pair (y, (),
y € L*(0, T3 L*(£2)) nWH([0, T} V'),
¢ € L*(0,T;V), ((t,x) € B*(y(t,x)) ae. (t,x) € Q,

which satisfies the equation

dy
(Fow), + [0 Ky voar e

= / f()vdx —/ al(t)do, ae. t € (0,T), for any ¢ € V,
0 r
along with the initial and boundedness conditions

y(0,2) = yo in £2,
y(t,z) < ys ae. (t,z) € Q.

An equivalent form to (2.17) is

T
/O <%(t),¢>‘//)vdt+ /Q (V¢ — Kola,y)) - Vodadt

T
:/ / fz/Jd:vdt—/ alododt, a.e.t e (0,T), (2.18)
o Jo b

for any ¢ € L*(0,T;V).

We remark that the weak solution in the sense of Definition 2.1 satisfies
(2.1) in the sense of distributions. Concerning (2.3), at a first glance this might
occur as not correct because the solution y does not have a trace on X. We
specify that this way of writing is formal and the rigorous interpretation is
that (y(t),((t)), the weak solution to (2.1)—(2.3), is the limit of a sequence
(y"(t), ¢ (t)), with y"(t), ¢"(t) belonging to V. Thus, the flux (a(z) K (y"(t))—
VB*(y"(t)) € V and his trace on I' is well defined a.e. ¢ in the sense of (1.93).
This will be in fact the result proved in this section.
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We introduce the multivalued operator A : D(A) C V' — V' with the domain
D(A) = {y € L*(2); there exists ¢ € V, ((z) € B*(y()) a.e. x € 2},

and define it by the relation

(Ay, )y g = /Q (V¢ — Ko(z,y)) - Vipda + /F aCido, for any ¥ € V,

(2.19)
and ((z) € f*(y(x)) a.e. x € 2.
With this notation we can introduce the abstract Cauchy problem
dy
%(t) + Ay(t) > f(t), ae. t € (0,T), (2.20)
y(0) = yo. (2.21)

The well-posedness of the problem (2.20)—(2.21) can be investigated in
a direct way, as done in Sect. 1.1, by using a regular approximation 5} of
[£*, and proving the existence and convergence of the approximating solution
to a solution to (2.20)—(2.21). Even if this method of approximating S* is
efficient to prove the existence of solutions to these problems, numerical
simulations performed according to it fail for ¢ small due to the fact that
B (the corresponding approximation of ) blows up as € — 0. To overpass
this inconvenience and to set a background for a numerical algorithm we shall
study a scheme with time differences which is efficient for this purpose.

First let us introduce another variant of the concept of a mild solution.

Let h be positive. A h-discretization on [0,T] for (2.20) consists in a
partition 0 = ¢y < t; <ty < ...<t, of the interval [0,T], with t; —t;_1 = h
fori=1,...,n, and a finite sequence (ff)izl,,,,7n, such that there exists 6(h)
which tends to 0 as h — 0 and

1£@&) = £ <6(h), t e (tima,ts).

The h-discretization is denoted by DZ (0=to<t;<ta< ...<tp; flh, e f,}})
The time step h = % and n will be further determined.
Here we compute f/ as the time averages

1 ih
Z.h == d 2.22
g, S (222)

i—1)h

and see by (2.10) that f! € L?(£2).
We propose as time discretized system

1 1
(EIJF Ah> yl > fh+ Eyf_l, i=1,...,n, (2.23)
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and set
Yy =yo in 0. (2.24)

The operator A" : D(A") € V' — V' is multivalued, defined by
D(AM) = {y € V; there exists ( € V, ((z) € B*(y(z)) a.e. x € 2},

<Ahy, 7’/}>V’,V = /Q (VC +VhVy — a(:c)y) - Vipdr + /1‘ (¢ + Vhy)pdo,

for any ¢ € V.

Definition 2.2. Let yo € L%(2), yo < ys a.e. © € 2. A h-approzimate
solution to (2.20)—(2.21) in relation with the h-discretization D’ (0 = t; <
t) <tg < ... <tp;fP ..., fP) is a piecewise constant function denoted y" :
[0,T] — V' whose restrictions y? on (t;_1,;] satisfy (2.23) with y"(0) = y}.

We say that y is a mild solution to (2.20)—(2.21) if y € C([0,T]; V') and
for each h there exists a h-approximate solution z , such that

ly(t) — z(t)|l,, < o(h) for all t € [0,T]

and y(0) = yo, where g is continuous and o(0) = 0.

As a matter of fact, by the method further developed we shall prove
the existence of a mild solution to (2.20)—(2.21) and show that is has the
supplementary properties specified in Definition 2.1.

We are concerned with the stability and the convergence of the scheme
(2.23)—(2.24), emphasizing the precise nature of its convergence towards the
solution to (2.20)—(2.21). At the same time we shall show that a mild solution
to the abstract Cauchy problem (2.20)-(2.21) is in fact a weak solution to
(2.1)-(2.3).

The method allows to compute the solution without approximating the
inclusion B* and this enables the construction of an algorithm for the
numerical computation of the solution in the subsets where §* is multivalued.

2.1.2 Stability of the Discretization Scheme

Equation (2.23) can be written in the equivalent form
yh —yh
ZTH,w + / (V¢ + VAVl — a(z)yl) - Vydr  (2.25)
7
1A%

+ /F a(@)(¢ + Vgl ypdo = /Q [,
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for any ¢ € V, where (! (x) € 8*(yl(x)) a.e. x € 2 and the first result is that
it has a unique solution, yf belonging to D(A"), for each i = 1,...,n.

The existence for (2.23) with h fixed, small enough, follows by the quasi
m-accretivity of the operator A".

Proposition 2.3. The operator A" is quasi m-accretive.

Proof. The computations are similar to those done in Lemma 1.4, so that
we shall not give all details. For the quasi accretivity let A > 0, ¢ € Ahy
¢ € A" ae. on £2, and compute, according to (2.15)

AW +C-Cy—7), = Ay -7l +/Q<<<y> (@) (v - ) da
+ﬁ/ ()2 dz —aoly — 7l lly — Ty -
2

where N
a0 =Y laill poe () - (2.26)
i=1

Therefore, using (2.5) we obtain

a2
(-9 +¢=Cu=1)y. 2 (17 ) Vil -1+ (3= B2 by 318,
(2.27)

2

a,
which is nonnegative for A > \g = —=,

g =2 A0 NG
k>1.

For the quasi m-accretivity we have to show that R(AI + A") = V' for
A > ), i.e., to find for each v € V' a solution y € D(A") to the equation

where k is an arbitrary number,

(M + A"y = . (2.28)

Let us denote ~
B(y) = B*(y) + Vhy (2:29)
and deduce by the properties of f* that

(C_Z) (y _y) Z \/E(y_y)2a yvye (_ooays]a

where ¢ € B*(y), ¢ € B*(§) a.e. on 2. Let ¢ € B*(y). Its inverse G"¢ =
N\ -1

(ﬂ*) (¢) is Lipschitz on L?(§2) with the constant \/iﬁ and continuous from

V to L?(£2). Namely we have

h WAl L s F| o CH o F
6" =6l < Z=lle =l = e =<l
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with ¢y specified in (2.14). We can rewrite (2.28) as

AG'¢ 4+ A ¢ =, (2.30)
where Ay : V — V' is defined by

<A1<,1/)>V,)V = /Q V(- Vipdr — /Q a(x)Gh¢ - V1/)dx+ﬁoe(:c)§1/;da, Vi eV

and show that the operator B" = A\G"+A; : V — V' is monotone, continuous
and coercive for A large enough. The proof follows like in Lemma 1.4 in
Sect. 1.1. Therefore, B" is surjective and (2.30) has a solution ¢ € V, ¢ € 5*(y)

a.e. in 2, implying that y € V (because the inverse of §* is Lipschitz). In
fact we have proved that y € D(A") is a solution to (2.28). O

Consequently, we can notice that if we take A = £ in (2.27), then for

11

h< —— 2.31
<2 ag (2.31)

the operator +1 4+ A" is invertible. Relationship (2.31) is a first estimate for
the maximum time step. Therefore, the number n can be chosen such that
n > [kQaéT} + 1.

We give now some preliminary results. First we notice that by (2.5) we
obtain by a straightforward computation

| vitvetas o, [ atpicias >0 (2.32)
(P r

Next, we recall the following result, which stands for a discrete version of
Gronwall’s lemma (see this proof in [39]).

Further we take into account (2.31) and the relation above connecting n
and T

Lemma 2.4. Letv; € L*(2),i=0,...,n, such that
P
[vpll* < Carh Y JJuill® + Co, p=1,...,m, (2.33)
i=1
where Cpr > 0, Co > 0. Then
[op]l* < 2max{1, Carke " ([lvol|* + Co) (2.34)

and

P
1
B Jull? < max{l, @}ew (ll?+cr). (23

i=1

We recall that o, = mi}l a(x) was defined in (2.11) and is positive.
S
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Proposition 2.5. Let us assume (2.31) and let yo € L*(£2), yo(z) < ys
a.e. x € £2. Then (2.23) has a unique solution (y*,¢"), ¢* € B*(yl) a.e. on
Q, y € D(A") and the discretization scheme is stable, i.e.,

st < C. for any p=1,....n, (2.36)
p
WYL, < Clom), foranyp=1,....n,  (237)
=1
Pl =y |
hz T_l < Clam), foranyp=1,...,n, (2.38)
1=1 v

where by C and C(ayy,) we have denoted several constants depending on the
1/2

problem data and o ' 7, respectively and independent on p and h.

Proof. By (2.22) and (2.10) we have f} € L%(£2), and

T
hZHf"H <Z/ 1£(s)] ds=/0 1f ()2 ds := C7.

Since for h satisfying (2.31) the operator %I + A" is invertible and has
a Lipschitz continuous inverse it follows that (2.23) has a unique solution
yl € D(A"), meaning in fact that y? € L3(£2), ¢! € V, ¢! € B*(yl) for
all = 1,...,n. Next, we shall establish the estimates which will ensure the
scheme stability.

We write (2.25) for ¢ = y. By (2.32) and (2.9) we have that

Hyz || Hyz 1|| VR < (), —|—/Qa( )yt - Vylda
g/ﬂfﬁ dw+;/ ala) -V (u)" da

< U+ 5 [ V- @) - 5 /Q (41)* V - ala)ds

N

IN

1
A P A A

n
where |lal|; = Z l[@illyy1.00 () - By summing up as i = 1,...,p we obtain
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P p p
lupll” + VER Y Nt Iy < h DTN + oI + (lall o + 18 0|1
i=1 i=1

i=1
(2.39)
and using Lemma 2.4 (i.e., (2.34) and (2.35)) with
T 2 2
Cur = lall o+ 1. Co= [ 1FOI dt+ Lol (2.40)
we get both (2.36) and
- 2 2 T 2
p0 s < ool + [ ol . (241)
i=1
This plugged into (2.39) leads to
d 2
ﬁhZHyf”ngfor anyp=1,...,n. (2.42)

i=1

By C we have denoted several positive constants and we retain another
estimate for the time step

1

h </
lall 0o +1

(2.43)

implied by the condition h < CLM, occurring in the proof of Lemma 2.4.

We prove now (2.37). Since (y?,(l*) is the solution we write (2.25) for
Y = (P, where ('(z) € B*(yl(x)) ae. x € 02,

1
i =) Qane [ (9t an [ a@) (@) ar

—I—\/E/Q vyl - V(hdr + ﬁAa(m)nyfda (2.44)

= [ sichas+ [ atowl - Vetdn < 2wy 81 + Lt
2 10] k v
+2a3k [y

where we have used the relation (2.14). But dj = 8*, so we can write

/(j(y?)—j(yﬁil))d:vﬁ/ Myl =yl ))da. (2.45)
(9] (9]
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Summing up (2.44) from i = 1 to p we obtain

) 1, <
/Qy(y;;)dx 1 (1 - E) h; I1¢21[5, (2.46)

P T
< 20360 S | + 20, / 1F )2 dt + / i(yo)da.
0 0

i=1
We recall that yl = yo with yo < ys and B*(r) < % for r < y, and so

y
/j(yo)d:cg lim // B*(0)dodr < Blysmeas(§2) < occ. (2.47)
0 ¥y s J0 Jo

Taking also into account (2.41) the right-hand side in (2.46) turns out to be
bounded and we obtain for any p=1,...,n, that

. 1\, ¥ 2, [T >
[t (1= ) I < e (nyon + [Tl dt+1>7
(2.48)

(where C'(a,) is another constant depending on 55, ys, k, T, [|al|; ,a;@lﬂ).

We also add that in the degenerate case hypothesis (2.4) implies that

B

m |’l"|’m+2 2 0 for r S 0 (249)

i(r) =

and (2.48) leads to (2.37), and

T
| e < Clan) <||yo||2+ / ||f<t>||2dt+1>. (2:50)
0 0

From here we deduce that y;} <ysae xzeRforanyp=1,...,n.

h_yh
Finally we pass to show (2.38). We multiply (2.23) by oy} := % :“1 scalarly
in V'. Using again (2.45) we get

1/ .
ﬁ/ Gl —iwky) dm+\/5/ yloyldx
2 (93

syp|

sl +

IN

£

v’ v T ao Hyth H‘Syﬂ v

IN

1
[ A 2 P S T
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Next we have

1
Ity + 5 [ Gl) = s) do
(7]
< 8 1852 Ly + o 12 [ 10wy + VA (w2, 0ty |
< % w21y, + 3k || £ + 3adk |2 |” + 3k 5,

and so we obtain

. . 1 2
/ G =iyl y)) do + <1 - E> h|oyl ([
Q
< 3keh || £ + 3kadh ||y + 3kh - b [yl -
Summing up with respect to i = 1,...,n and taking into account (2.41) and
(2.42) we get that
. h 1 P h 2
Q](yp)da: +{1-2 RY oyl < Clam). (2.51)
i=1
Thus (2.38) is proved and the proof of Proposition 2.5 is ended. O

We underline that by C' we denote several constants depending on the
problem data, while C(a,,) depends in addition, via (2.14), on am'’?, with
am > 0 (see (2.11)). That is why we cannot deduce from here the estimates
for Neumann boundary conditions (corresponding to a = 0). For that we
must follow another way (see [89]).

2.1.3 Convergence of the Discretization Scheme

We have now all results required to prove the scheme convergence. We define
the piecewise constant functions

y"(t,x) = yt(x), for te ((i—1)h,ih],
Mt,x) = (), for te ((i —1)h,ih), (2.52)
it x) = fM(x), for te ((i—1)h,ih],

y"(t,x) = yo(x), fort e [—h,0.
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Using (2.36)—(2.38), (2.48) and (2.42) we deduce the following estimates:
Hyh(t)H < C for any t € (0,71, (2.53)

T
/0 Hch(t)Hf/dt < Cam), "(t,z) € B*W"(t,z)) ae. (t,x)€Q,

(2.54)
/T TMOETRGIO] ¥ dt < Clam), (2.55)
0 h v
/ " (t))dx < Clauy,), for t € [0,T], (2.56)
2
. /T I @) dt < . (2.57)
0

Recalling that y"(0) = y = yo, by Proposition 2.5 we have proved in fact
that y" is a h-approximate solution to the Cauchy problem (2.20)-(2.21).
Also we recall that ,, > 0, defined by (2.11).

Theorem 2.6. Assume (2.31) and let yo € L*(2), yo(z) < ys a.e. € §2.
Then problem (2.20)—(2.21) has at least a mild solution obtained as the weak
limit of the sequence (y")n>o,

y = lim y" weakly in L?(0,T; L*(R2)). (2.58)
h—0
Moreover,

y € L*(0,T; L*(2)) nW'2([0, T); V'), (2.59)

y(t,x) < ys a.e. (t,z) € Q,
and it satisfies the estimates

ly@®| < C for any t € [0,T], (2.60)

T
/0 ICOI% dt < Clam), C(tx) € B (u(t,2)) ace. (t.2) € Q, (2.61)

2

T
/O %(t) y dt < Clam), (2.62)
/Qj(y(t))dz < C(am), for anyte[0,T]. (2.63)

Proof. By (2.53)—(2.57) it follows that there exist y, ¢, k, x in appropriate
spaces and we can select a subsequence of (y");,~¢ (denoted in the same way),
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such that
y" %y in L°°(0,T; L(£2)) as h — 0, (2.64)
" —¢in L*0,T;V) as h — 0, (2.65)
hiy" = kin L2(0,T;V) as h — 0, (2.66)
") —y"(t—h
y () Z E=h) L\ in 120,75 V) as h — 0. (2.67)
We show next that y = % in the sense of distributions. To this end we take

v € C§°(Q) and compute

T

h
‘A %@Ww#mwmxmvﬁ—/,%@ﬁ@—mw@»wvﬁ

h

We make the function transformation ¢t — ¢t — h in the last integral and get

L |

T—h 1 N .
:/O 7 (v (t)asl’(t)>v,yvdt+/ = ("), (1)y y dt

T—h

T—h 1

h 1 N .,
_/0 =y (t_h),g)(t))wvdt_/o SO+ )y, e

T el ) =t Tl
= [ (o HEREE) s [ 060y

"1
_/0 E <yh(t - h)7 w(t)>vl7v dt.

Passing to the limit as h — 0 and taking into account that the two last
integrals vanish due to the fact that ¢ has the support compact in @, we
obtain
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i OT <yh(t) - Zh(t —h) | Sp(t)>v,y o /OT <y(t)’ Cfl_s:(t)>v,y "

h h
t) — t—h
y ) Z ( ) X = % in the sense of distributions

which proves that

as h = 0.
From (2.56) and the lower semicontinuity property of the convex function
7 we also get that

/ J(y(#))de < lim inf / (" (1)dz < Clam) (2.68)
0 (93

h—0

which implies that y(¢,2) < y, a.e. on Q. By (2.66) and the trace continuity
it follows the trace convergence

niyt| = klg in L0, T3 LA(D)) as h— 0

and so )
hfyh‘z —0in L0, T; LX(T')) as h — 0. (2.69)

The next step is to prove that y"(t) — y(t) in V' as h — 0.
We denote by BV ([0,T]; V') the set of functions with bounded variation
from [0, 7] to V' and show that y* € BV([0,T]; V'), i.e.,

Vi (") = Igtelgz 9" (s1) = 4" (si-1)]| . < Clem), (2.70)
=1

where P = {P(s;) = (50,...,5n,); P is a partition of [0,T]} is the set of all
partitions of [0, T.

Here is the argument. First, let us take an equidistant partition, consid-
ering for example that s, = ¢; (i.e., the partition considered up to now). We

have that
2
v ) (2.71)

<Z " (t:) — v (tiz1)|

< TC(am),
V/

ylh - yzh—1
h

n
< ”Z Hyzh - yzh—l‘
i—1

by (2.38).
If the partition is not equidistant, having for some i, s;_1 € (t;—1,t;) and
$i € (tp—1,tp), with p >4 (and s; = t; for [ # ), then we can write

f/,:nh-hi
i=1
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||yh(5i) - yh(5i71)| v S Hyh(tz) —y"(si_1)

+ Z " (t2)

l=i+1

v + Hyh(s’b) - yh(tpfl)’ Vo

where the first and the last terms on the right-hand side vanish. Hence

Z Iy (t0) = 4" (t1-1)

l=i+1

) v + Hyh(tp) - yh(tpfl)‘

Hyh(si) — 4" (si-1)

+ |y () =yt v
so that (2.70) follows by changing the partition of [0,7], by introducing
between s;—1 and s; the points t;,...,t,—1 and applying again (2.71) for
the new partition.

If Si, Si—1 € (tifl,ti) for some i, then Hyh(sz) — yh(Sifl)‘ Vv =0.

Since we have (2.70), (2.53) and L?(£2) is compact in V’ we can apply the
infinite dimensional Helly theorem (see [21], Theorem 3.5 and Remark 3.2,
pp. 60) to obtain that y € BV ([0,T]; V') and

y"(t) — y(t) in V' for all t € [0, 7). (2.72)
From here and (2.64) we deduce that for a; € W°(£2) we have

aiy(t) — agy(t) in V' for t € [0, T, (2.73)
aiy" = a;y in L*(0,T; L*(2)) as h — 0. (2.74)

At the end we assert that
" = fin C([0,T); L*(12)). (2.75)

Indeed, let f € C([0,7]; L*(£2)) and s,t € (t;—1,t;). Then, since |s —t| < h,
it follows that ||f(s) — f(¢)|| < 6(h) where §(h) — 0, as h — 0, whence

[£(t) = r0)] =

<q [ e - saas < ow),

43—

w6 - s

for any t € [0, T, which implies (2.75).
Now, writing (2.25) for ¢ = 1,...,n, and summing up with respect to i
we get
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T
[N ) et [ ey Vodsa
0 h A% Q

+hi / a(z)hiy"pdodt + / (V¢" — a(a)y") - Vepdadt
xz Q

T
+ /2 alz)Chpdodt = /0 /Q fpdadt, for any ¢ € L*(0,T; V).

Then we pass to the limit as h — 0, using (2.67), (2.65), (2.66), (2.69), (2.74)
and (2.75) and deduce the equation

/0 <fg( ) W)>V,y e /Q(VC —a(x)y) - Vydrdt  (2.76)

+ / a(z)(Ydodt = / fabdadt for any o € L*(0,T;V).
X Q

We stress that (2.66) implied hzy" — 0 in L2(0,T;V) as h — 0. If we take
¢ € C§°(Q) in the previous equation we obtain that (y, () satisfy

— —A(+ V- (a(z)y) = f in D'(Q). (2.77)

It remains to show that ¢ € 8*(y) a.e. on @ and to this end we prove that

T T
lim sup / ("), y" (@) dt < / (c(t), y(t)) dt. (2.78)

h—0

We multiply (2.23) scalarly in V' by y? and obtain

2
e ‘ v’ Hy?—ll v / h,h / hy2
hyhd h ')d 2.79
5h 5n | G JL‘+\/_Q(yz) z o (2.79)
/ a(z)yl Vz/Jhd:E—i—/ flylda,
2
where ¢! € V is the solution to Axy! =yl ie.,

¢

h
- A%/th = yf + az/Jh =0 on I for each i. (2.80)

We denote " (t) = ¢P for t € (t;_1,t;] and then we can rewrite this
problem as
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p) h
— AYh () =y (1), %(t) +ap"(t)=0on I ae. te (0,7), (2.81)
with y"(t) € L*(02).
By the elliptic regularity (see [1]) this problem has a unique solution
Yh(t) € H?(2), ae. t € (0,T), with Hwh(t)Hlp(m < co|ly"@®)]| < C, due
0 (2.36), and since H?(2) is compact in V we get that

Yh(t) = (t) in V, ae. t € (0,T). (2.82)

Hence passing to the limit in (2.81) we get that the function 1) satisfies the
problem
Aay(t) = y(t) for t € [0,T) (2.83)

with Aa defined in (2.16). Recalling that % € L2(0,T; V") we obtain

R
At

D) = %(t) ae. te(0,7) (2.84)

and so it follows that 1 € W12([0,T]; V). From here and (2.83) we get

<%(t) > / V) Voo + [ oS

2 2
= 3 IO = 5 % @l

Finally, we deduce that

/ ' <%<t>,¢<t>> at =5 (WD - lwOR). (285

v,V

Now, we sum up (2.79) with respect to i = 1,...,n and get

lonlly. _ g1y

. V'—i—Z/ iy hd$<Z/ 2)yl- thd$+z/ fhyh

whence we obtain

n h 2
hZ/ nyﬁ‘dazg—”y’;} v ”yO}V’ +hZ/ D)yl - Vil da
i=171
+h2/ fhyhdz
i=179
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We still can write

v, Ol

/T ("), y"(1)) dt < —Hyh(g)‘ vy 1Y (g) v (2.86)
0

/ / ) - VoI (t)dzdt + / / )y (t)dadt.

By (2.75) and (2.64) we get

/OT/th(t dt—>/ /f t)dt as h — 0.

‘We notice that

/ /Q ) - Vl( dt—>/ / Vi(t)dt as h — 0

because of (2.64) and (2.82). Therefore, by passing to the limit in (2.86) and
using all previous convergencies and 3" (0) = yo we get

s / (@), ) i < - DI WO

h—0 2

//Q )- Vot dxdt+/ /f t)dadt
- / <%”W)>w,vdt+ / [ a0 - Vo sar

T T
Jr/0 nydxdt:/o (C(t),y(1)) dt.

Thus, (2.78) is proved. Hence, we have y" — g, (" — ¢ in L?(0,T; L*(12)) as
h — 0, ¢" € B*(y") and B* is maximal monotone. In conclusion, according
to a result given in [14], pp. 41, we deduce that ¢ € 8*(y) a.e. on Q. Since
¢ € B*(y) € L*(0,T; V), it follows that y < ys a.e. on Q.

Finally, estimates (2.60)—(2.63) are obtained by passing to the limit as
h — 0 in (2.53)—(2.56) on the basis of weakly lower semicontinuity (of the
norms and j) and the weakly convergencies (2.64), (2.65), (2.67).

Comparing (2.76) where ¢ € 5*(y) a.e. on @ with (2.18) we notice that
the mild solution to (2.20)—(2.21) obtained by this proof is in fact a weak
solution to (2.1)—(2.3). O

We notice here the necessity of the linear dependence of K on the solution.
In the case of a nonlinear dependence Ko(z,y) = a(x)K (y) as in Chap. 1, the
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weak convergence y" — y only and the Lipschitz property of K (y) are not
sufficient to get more information about the weak limit of (K (y"))nso, i.e.,
to show that it is Ko(z,y).

2.1.4 Uniqueness

We shall give some results for the solution uniqueness in particular cases.

Proposition 2.7. Under the hypotheses of Theorem 2.6 with N =1 and
a-v=0onT, (2.87)

the solution to problem (2.20)-(2.21) is unique.
If a = 0 the solution to the N -dimensional problem (2.20)—(2.21) is unique.

Proof.  We consider two problems (2.20)—(2.21) with the data {yo, f} and
{70, f} having the solutions y and ¥, and multiply the difference of the
corresponding equations by y — 7 scalarly in V’. We have

2 I(0) =T~ 5 o — Tl (2.85)
< [ [ {al@)w(r) = 5(0) - Volr) + (£0) = FO)(r) ~ 9(r)} dadr
0o J

where 9(t) is the solution to Aav(t) = y(t) — y(t), for t € [0,T.
In the case N = 1 we can compute the term fﬂ a(x)veydx, where Axd =v
for any v € L?(£2). We recall that the latter equation is equivalent with

0
_(bwm:'vin (27 _¢+CY¢ZOOHF.

v

We multiply the first equation in this problem by a(z)¢, scalarly in L?(£2)
1 2 1 2
a(x)vgde = — | a(x)ppPuadr = —= | a(x) - -voido + = | ap¢d;dx.
7 7 2Jr 2 Ja
Using (2.87) we obtain
1 2 1 2
a(@posdr =+ [ arotde < Lal, o} (289
Q Q

which applied for v = y(7) — §(7) gives

| a@)or) =5 - Voo < 3 lall, o D) =TI (290)
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Returning to (2.88) and considering the same data (yo = %o, f = f) we
obtain that

ly(8) = 7@l <Hallloo/ ly() = F(r)II5, dr. (2.91)

Applying Gronwall’s lemma we get that the solution is unique.
In the N-dimensional case, with a = 0 the uniqueness follows immediately
from (2.88) for the same data. O

In the general N-dimensional case, in the absence of a uniqueness result, the
convergence of 4" to y takes place on a subsequence of (y")5>0.

2.1.5 FError Estimate

Proposition 2.8. Let N = 1 and assume the hypotheses of Theorem 2.6
and (2.87). Then

=OMY*) as h—=0, fori=1,...,n. (2.92)

Hy(tz) - yzh’ &

Proof. By Theorem 2.6 and (2.87) problem (2.20)—(2.21) has a unique
solution. Since (2.20) takes place in V'| a.e. t, we can integrate it with respect
to ¢t on (t;—1,t;), according to the integration of vectorial functions. More
exactly, if g € L%(0,T;V’) we define

tg t2
</ g(t)dt, z/1> = / <9(t)7¢>v',v dt, for any ¢ € V
1 1ZN% t1

and see that f t)dt is well defined as an element of V'. By integrating
(2.20) on (t;—1, ) and dividing by h we get the equation in V’

y(ti) — y(ti-1) l/t 1
h + A tiilAy(t)dt =7 - ft)de

We subtract the corresponding equations from the discretized system (2.23)
and denote w; = y(t;) — yP. Recalling (2.22) we get

w; —wi—1 1

ti
- h/til(Ay(t) Ayt)dt = 0. (2.93)

We multiply (2.93) scalarly in V' by w; and obtain after some computations
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”wznv/ b h b
/ / — Mwidadt — = / / Vhylw;dadt
tz 1

1 i 1
= _/ /Q a(x)(y(t) — yi) Vidxdt + — ||w1||V, wi_1ly

78

where v satisfies ApY = w;.
As specified before, because w; € L?(f2), this problem has a unique

solution ¢ € H?(£2), with |¢|y, < [Jwilly, and [[¢ee|| < c|lw;]|. Next we

can write

. 2 tl
”wszl ”wZ 1||V/ / / y(t) — ylh)dwdt
tw 1
/ / (y(ts) — y(t))dudt
(93

< [ @ v, oy

ti—1

> I

<wi, \/ﬁyf>v, » dt.

)

+l/i <a(gg)(y(ti)—y?),V¢>V,1vdt+%/

h ti—1 ti1

Using (2.89) with v = y(t;) — y = w; we get

lwilly ||wl 1||V, / / n
y(t) — y;')dxdt

< %/t ly(t:) — y(®)lly [[C(E) — ¢, dt (2.94)

+% /t1 lla(x)(y(t) — y(t)|ly: [Vl dt

1 t 2 1 b 1/4 1/4, h
tan [ ol ||wi||v,dt+ﬁ/t“ O T

Now for ¢ € (t;—1,t;) we have

dy
dt

1/2 <h'Y2C(ou).  (2.95)

L2(0,T;V")

(t)

ly(t:) = y(Dlly, < [ti =]

Here we recalled (2.55) which is inherited by its limit, too. Also,

lay(t:) =yl < llally o ly(t:) = y@Olly, for a € WH(2).
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We plug these two inequalities in (2.94) and performing some computations,
we get that

lwill2 fwica]?  Clam)Vh [
oh T oS (h) /t <) — ¢y, at (2.96)

7

[ Lo 2
T ) @l il g [ el o ol

ti—1

1, 1 2
“lwil? + = hHh1/4 h

gcxma%§{<h+1fn«wmwr+ﬁf

ti
Hm@@+ﬁ|mw%

2 1 2
(lally oo + 1) sl + 5V ||y |

M| —

+

By (2.36) and (2.53) we recall that [lw;]| < 2esssup,eor [y(®)] < C. We
sum up (2.96) with respect to i =1,...,p, and using (2.42) we obtain that

p
2 2 2
lwplly = lwolly, < CVR+ (L + llall, o )R D willy -

i=1

We take into account that wy = y(0) —y& = 0, so that the latter inequality
implies, by Lemma 2.4 with Cyy = 1+ [|a|, ., and Cy = CV/h, that

lwp Iy, < Clam)Vh

i.e., (2.92) as claimed. This ends the proof. O

We recall once again (2.31), (2.43), so a sufficient condition that enables
the scheme convergence is n = [%] +1,k>1,or

11 1
h i —_—, 7. 2.97
<mln{k2 a/é? 1+ ||a/||1)oo} ( )

2.1.6 Numerical Results

In this section we present some numerical simulations intended to put into
evidence the effects induced by the diffusivity vanishing in the subsets Qo =
{(t,2); y(t,z) = 0}, the formation and advance of the free boundary between
the saturated and unsaturated regions and the influence of the advection.
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The numerical algorithm is constructed following the quasi m-accretivity
proof. Instead of solving the system (2.23), with the multivalued A" we solve
a system similar to (2.30). More specifically, denoting

e BT, Bl = 8" (i) + Vhy!', K(G(() = G(¢) (2.98)
we get the system

GM(CM) + A = hfl 4yl | i=1,....n,

where ~ y
*)—1 if r < B+ +Vhy
Gy =4 B0 s ° 2.99
") {y if > B2+ Vhys. (299)
After solving the system, we set
o JB)THE ¢ < BT+ Vs
b i) DSl 2.100
v {y it ¢f' > 87 + Vhys. (2100)

We exemplify this method for a 2D process of water infiltration into a soil,
considering a dimensionless degenerate fast diffusion model with advection,
and a multivalued 5*,

1 1

:F_§’ TE[O,l), ﬁéeg(r):{l_m—g, TG[O,I)
-Tr

FR

(2.101)
in the domain 2 = {(x1,z2);z1 € (0,5), 2 € (0,5)}. The initial datum
corresponds to a dry region {2y, the circle with center in (2,3) and radius
§=0.1,

Bdeg (r)

O, on -QO
Yo(z1,72) = (21—-2)%+(22—3)%—0.1%
100 ’

. (2.102)
otherwise

such that in this subset the diffusion coefficient B4eg vanishes. The other
data are

K(r)=r, f=0.1exp(—27), a=0.00001, h=0.2.

Simulations have been made using Comsol Multiphysics with Matlab for three
cases with and without advection, and the solution is represented at times
t=10.02, 1, 4.2,10.

In Fig. 2.1a—d the values of the solution y computed for the model without
advection, a = (0,0) are plotted. In Fig.2.2a-d it is shown the solution
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a b
Solution y at t=0.02 for a=(0,0) Max: 0.0121 Solution y at t=1 for a=(0,0) Max: 0.204

0.012 0.2
0.18

0.01
0.16

0.008 0.14
0.12

0.006 01
0.08

0.004
0.06

0.002 0.04
0.02

Min: 3.168e-5 Min: 6.571e-3
c d
Solution y at t=4.2 for a=(0,0) Max: 0.442 Solution y at t=10 for a=(0,0) Max: 0.667
0.65
0.6
0.55
0.5
0.45
Min: 0.157 Min: 0.437

Fig. 2.1 Solution in the diffusion degenerate case without advection

y computed for the case with periodic advection components along Oz

and Owy, ie., a = (0.5sin 5,0.5sin 5gt) and in Fig.2.3a-d we see the

graphics of the solution in the case when the advection along Ox has a larger
T2 L1

amplitude, corresponding to a = (0.5sin e, 2.5sin 5 ). It is observed how
the vanishing diffusivity keeps the volumetric water content (or the moisture
of the soil) y at low values in the domain {2y at the beginning of the flow
(t = 0.02) in all three cases. Then, at ¢ = 1 the volumetric water content
y remains at high values in a region in the neighborhood of x = 0 and
this behavior is preserved at large time, too (¢ = 10) in the absence of
advection in the first case. The cases with a # 0 reveal the influence of
the variable advection which determines the water accumulation towards the
corner (5,5) at intermediate times (¢t = 4.2) and even the saturation (y = 1)
of this region due to the higher advection along Oxs in the third case. In
Fig.2.3c and d we notice the further advance of the saturated region along
x9 = 5 upwards. In the second case (Fig.2.2) the increase of the volumetric
water content in this region is done slowly, as a consequence of a slower
advection.
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a b
Solution y at t=0.02 for a=(0.5*sin(x2*pi/30),0.5*sin(x1*pi/30)) max: 0.0120 Solution y at t=1 for a=(0.5*sin(x2*pi/30),0.5*sin(x1*pi/30)) \ay: 0.188
0.012
0.18
0.01 0.16
0.14
0.008
0.12
0.006 0.1
0.08
0.004 0.06
0.002 0.04
0.02
Min: 3.157e-5 Min: 4.605e-3

0) Max: 0.979

0.55 09
05 0.8
045
04 0.7
035 0.6
03

05
0.25
02 04
0.15

03
0.1

Min: 0.0849 Min: 0.232

Fig. 2.2 Solution in the diffusion degenerate case with advection along both directions

2.2 Existence of Periodic Solutions in the Diffusion
Degenerate Case

In this section we shall study the existence of periodic solutions to the
degenerate diffusion problem without advection

3}
5 - AB (W) 3 finRy x 2,
—VB*(y) - v—abf*(y)200on Ry x T (2.103)

y(t,z) =yt +T,z)in 2, t >0
under the hypotheses

feCRy; LA (N), f(t+T,x) = f(t,x), f(t,z) >0, VtER,, ae. x € .
(2.104)
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a b

Solution y at t=0.02 for a=(0.5*sin(x2*pi/30),2.5*sin(x1*pi/30)) Max: 0.0119  Solution y at t=1 for a=(0.5*sin(x2*pi/30),2.5*sin(x1*pi/30)) Max: 0.221

0.2
0.01
0.008 0.15
0.01
0.006
0.1
' |0.005
0.004
0 0.05
0.002
Min: 3.165e-5 Min: 1.664e-4
c d
Solution y at t=4.2 for a=(0.5*sin(x2*pi/30),2.5*sin(x1*pi/30)) Max: 1.00 Solution y at t=10 for a=(0.5*sin(x2*pi/30),2.5*sin(x1*pi/30)) Max: 1.00
1 1
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
Min: 8.521e-4 Min: 1.144e-3

Fig. 2.3 Solution in the diffusion degenerate case with higher advection along Ox2a

We consider (2.4) with even powers 3(r) > v5r?™, for r < 0, m > 1, and in
this case

, s [
j(r) = @m+ @En 1Y) (2.105)
(see (2.49)), hence
Jim ]|(TT|) = +o0. (2.106)

The study of this model on (0, 7') is done in the same functional framework
as in Sect. 2.1 but the proof arguments will differ. We consider the problem
on the period (0,7,
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% —AB*(y)> finQ=(0,T) x £,
=VB*(y)-v—aB*(y) >0 on X = (0,T)xI, (2.107)

y(0,2) = y(T,2) in 0.
Theorem 2.9. Let us assume
yo € L*(12), 0<yo <ys,

and let (2.104)—(2.105) hold. Then, there exists at least a nonnegative
solution (y,¢) to problem (2.103),

y € C(Ry; L2 () NW AR V),
¢ € L (R V), ((t,a) € B*(y(t,x)) ae. (t,2), (2.108)

0<y(t,z) <ys, ae. (t,x) € Ry x .

Proof. We begin with the proof of the existence of a solution to (2.107). In
problem (2.107) let us fix y(0,2) = yo in L?(£2) and consider the Cauchy
problem

%(t) + Ay(t) > f(t), ae. t € (0,1, (2.109)
y(0) = vo, (2.110)

where A is given by (2.19) with Ky = 0. We prove that it has a unique
solution, based on the fact that A is m-accretive on V’. Next, we shall define
the mapping @ : My — My, ®(yo) = y(T'), where

My = {v e L*(2);0 <v(z) <y, ae z € 2}

and prove that it satisfies the Schauder—Tikhonov theorem ([67], pp. 148).
We are going to prove the m-accretivity of A. The accretivity follows
immediately by

(éfévy—y)v':/QV(C—Z)-vz/;d:z::/g(g_@(y_y)dx20,

where ¢ € Ay, € € Ay, ¢ € B*(y), ¢ € B*(7) a.e. in 2 and ¥ is the solution
to Aay) =y — 7y with Aa given by (2.16). For the m-accretivity we have to
show that the equation

y+Ay=g (2.111)

has a solution y € D(A) for each g € V.
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We take ¢ € 8*(y) and denote G(¢) = (8*)71(¢). The function G : R —
(—00,ys] is continuous and monotonically increasing (by the definition and
properties of £*), so it is maximal monotone on R. Moreover, by (2.105) we
have that

GO < (¢l +1) (2.112)

with C' a constant. Thus, we have to deal with the equation
G(C) + AoC =g, (2.113)
where Ay is the restriction of Ay on L?(£2), Ao : D(Ag) C L3(£2) — L?(02),

ov

D(Ag) = {U € V;Axv e L2(0), 5

+av = 0}, Agv = —Av.

First, we shall consider that g € L?(£2). The linear operator Ag : V — V'
is continuous and coercive, so its realization on L?(§2) is m-accretive (see

[14], pp. 36). Also, the realization of G on L?(2) is maximal monotone on
L2(£2). Hence, we define G + Ag : D(A + Go) C L?(2) — L*(£2), where

D(G + Ag) = {v € D(Ay); G(¢) € L*(12)}

and show that
(AoC, G(0)) = / V¢ VG(Q)dr + / alG(()do > 0
(93 I

which follows by the monotonicity of G and (2.5). We conclude by a known
result (see [14], pp. 104) that G + Ap is m-accretive on L2(£2). It is also
coercive, so it is surjective (see [14], pp. 36) and therefore (2.113) has a
unique solution ¢ € D(G + Ayp).

Next, we fix g € V’/ and take a sequence (g,)n>1 C L?({2), such that
gn — g in V. Then

G(Cn) + AOCn = Jn (2114)

will provide a sequence of solutions ((,)n>1 with ¢, € D(G + Ap) which
satisfies the estimate

1Gnlly < Clignlly

obtained by multiplying (2.114) by ¢, and using the fact that G is maximal
monotone. Therefore, there exists a subsequence such that (,, — ¢ in V' and
Cn — € in L2(£2) by the compactness of the injection of V in L2(£2).

By (2.112) we get that G((,) is bounded in L?(2), so that G((,) — & in
L?(£2) on a subsequence. By (2.114) it follows that Ag(, is bounded in V",
so that Ag¢, — ApC in V'. Again by (2.114) we have that
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lim sup(G(¢n), ¢n) < (K, Q).

n—00

Consequently, k = G(¢) a.e. in 2 (see [10], pp. 42) and passing to the limit
in (2.114) we deduce that ¢ is the solution to (2.113).

Because A is m-accretive and Ko = 0 it follows by Theorem 2.6 that
(2.109)—(2.110) has a unique solution y belonging to the spaces specified in
(2.108).

Moreover, if f > 0 and yo > 0, the solution is nonnegative and this is
proved by multiplying (2.109) by the negative part y—, integrating over (0,t)
and applying the Stampacchia lemma (see [13], pp. 166). We recall that the
negative part is the function y~ = min(0, —y). We get

1 1
5l @I+ 3l @ = [ s0vy- Gy dedi = [ g doa

whence taking into account that 3y~ (0) = y, = 0 and f > 0 we obtain that
ly=(8)]|* = 0 for any t € [0, T, so that y(t) > 0.

Now, we return to the proof of the conditions in Schauder—Tikhonov
theorem. By Proposition 2.7, for Ky = 0 the solution y to (2.109)—(2.110)
is unique so @ is single-valued. It is obvious that Mj is weakly compact in
L?(02) since it is closed and convex. Then, &(My) C My because for yo € My
we have @(yo) = y(T') € [0,ys], so that &(M)) is weakly compact, too.

Finally, we are going to show that & is weakly compact in L?(£2). Let
(Y )n>1 C L3(£2), such that y7 — yo in L?(£2) and consider the Cauchy
problem

%(t) + Aya(t) > f(t), ae. t € (0,T), (2.115)

Yn(0) = yg-

Again by Theorem 2.6 this problem has a unique solution (yy,, (), ¢, €
B*(yn) a.e. in @, which satisfies the estimate

| it tda + / t

obtained by (2.61)(2.63), with C(cv, ) depending on am,/?. This implies that
we can select a subsequence such that

2 t
dr + / 1Ga (I dr < Clam),
1% 0

dyn,
‘?(T)

yn — y weakly in L?(0,T; L?(£2)) as n — oo,

dyn,
% ~ fl—z in L2(0,T; V") as n — oo,
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Ay, 3 Gy — ¢ in L*(0,T; V) as n — o0,
yn(t) = y(t) in V' as n — oo,
Yn(T) = y(T) in V' as n — oo,

Yn(0) = yo in V' as n — oo.

Then we have

T

T 1 | 5
| G vnn vt = =5l + 1813+ [ (O pal0)vt
0 0

whence

T
imsup [ (Gl0), ()

T T
= 5 DI+ gl o+ [ (@i = [ o0

We deduce that ( € Ay a.e. in @ and conclude that y is the solution to
(2.109)—(2.110). Moreover, ®(y%) = y™(T) — y(T) = ®(yo) in L*(£2). Thus,
& has a fixed point, y(T') = @(yo) = yo and this ends the proof.

The proof of a solution to (2.103) is done as in Theorem 1.13, starting by
(2.107) and extending the solution to R4 by periodicity. O

2.2.1 Asymptotic Behavior at Large Time

In a Hilbert space H let A be a maximal monotone operator provided by a
proper convex lower semicontinuous function ¢, A = dy. Let us consider the

abstract equation

%(t) + Ay(t) > f(t) ae. t €R. (2.116)

We recall the following general result (see [68]).

Theorem H. Let A be a potential operator and let f be T-periodic, i.e.,
f&+T)=f(t) ae. t €R.

Assume that (2.116) has at least a T-periodic solution. Then, every other
solution y, corresponding to a whatever initial datum vy, is such that

y(t) —7w(t) = 0 as t — oo, (2.117)
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where 7 (t) is some periodic solution to (2.116). Two periodic solutions w and
7 differ by a constant element of H.

Moreover, if the resolvent of A is compact in H, then the convergence
(2.117) is strong.

Lemma 2.10. If Ky = 0 the operator A defined by (2.19) is a potential
operator.

Proof. We define ¢ : V' — (=00, x]

o(y) = { JadWidz, iy € VINLNRD), j(y) € LK)
00, otherwise

and notice that D(¢) = {y € L?(2);y < ys a.e. x € 2}. Indeed, let y €
L?(2), y < ys a.e. © € £2. Then, o(y) < ¢(ys) = Biysmeas(£2) < oo, hence
y € D(p). The converse inclusion is implied by the inequality (2.105). If
y € D(p) we have

[y)2™ Y < c@m + 1)(2m + 2)p(y) < +oo (2.118)

whence we obtain that y € L?({2). Moreover, the fact that j(y) € L'(£2)
implies y < y, a.e. z € (2.

Then we show that ¢ is a proper, convex and lower semicontinuous
(Ls.c.). The argument is well known (see [10]) but we outline it for reader’s
convenience. The first two assertions are obvious and it remains to show that
the set

S={yeVip(y) <A}

is closed in V' for any A > 0.

First we show that S is strongly closed in L?(£2). Indeed, let y,, € S, y, — ¥
in L2(£2). Recalling that j is L.s.c. and nonnegative we have by Fatou’s lemma
that

o(y) :/j(y)dzg/ liminfj(yn)d:cgliminf/ J(yn)dx,
Q 2 Q

n—oo n—roo

which implies that p(y) <\, ie., y € S.

Now we can prove that S is closed in V'. Let (y,)n be a sequence in S
such that y, — y in V' as n — oco. We have to show that y € S, meaning
that o(y) < A.

By (2.118) it follows that (y,, ), is bounded in L?({2), so that we can extract
a subsequence such that

yn — 7 in L3(2) as n — oo. (2.119)
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By the uniqueness of the limit (y, — y in V') it follows that § = y. Because
S is convex and strongly closed in L?(£2) it follows that it is weakly closed
too, whence we get that y € S.

Finally we shall show that A = Jp. First we compute

€= = [ V- Voot [ atvdr = [ cly-7)da for any .5 € V.

where £ € Ay a.e.x € 2, € 5*(y) a.e. on 2 and ¢ € V satisfies Aay) = y—7.
But 9j(y) = 5*(y) so that

oy —Dv > /Q (i(y) — §(@))dz, € € Ay ne. on 2,

which shows that Ay C dp(y). Since A is maximal monotone in V' x V' it
follows that A = J¢. O

Now we shall give a result showing that the solution to the problem

& AR )2 Sk, <2,
—Va*(y) - v—af*(y) 200n Ry x I (2.120)
y(0) = o

starting from yo tends in some sense to a solution to (2.103).

Corollary 2.11. The solution y to (2.120) corresponding to a whatever
datum yo satisfies
Tim [ly(t) — (@)l = 0. (2.121)
where w is some periodic solution to (2.103).
Proof. The operator A is potential and (2.103) has at least a periodic solution.
Next we will show that (A + A)~! for A > 0 is compact in V'. Let (v,,)n
be a sequence in V'. We recall that A is m-accretive on V' and note that it
is coercive too, because (€,y)yv: > pllyl|* > E% lyll?., , where € € Ay and cy

is given by (2.14). Hence A is surjective and the equation
Uy + Aun = Un,

has a unique solution in D(A). We multiply it by ¢, € 5*(u,) and integrate
over (2. We get that

l[un|® + ||Cn|\%/ < anH%/, < constant.
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Fig. 2.4 Asymptotic behavior of § = wuy solution to (2.120) in the periodic diffusion
degenerate case

Since L?(£2) is compact in V’ it follows that (uy), is compact in V', where
n = (M + A)~"lv,. Then, Theorem H implies (2.121). O

2.2.2 Numerical Results

The numerical results presented below are intended to illustrate the result
proved in Corollary 2.11.

We perform the computations for 2 = (0,2) x (0,5), 2 the circle with
center at (2,3) and radius 0.1, g* given by (2.101), yo given by (2.102),
K(r) =0 and

F(t, 21, 22) = 0.00121 (5 — @) (

sin —t + ‘cos —t )

We shall also put into evidence the influence of the boundary condition upon
the flow. In Fig.2.4a the values are computed at xo = 2, 1 = 1,2,4, for
a = 0.01 meaning that the boundary of the domain is permeable and allows
the fluid flux across it. In Fig. 2.4b there are the graphics computed for a =
0.000001 which indicates an almost impermeable boundary. In both cases the
flow ends by completely filling the soil reaching so a stationary regime, but
this is done in a shorter time in the second case when the flux across the
boundary is very much reduced. In the first case the flow needs a double time
to reach the (periodic) stationary regime than in the first case.



Chapter 3

Existence for Nonautonomous
Parabolic—Elliptic Degenerate
Diffusion Equations

The subject of this chapter is the study of a Cauchy problem with a time-
dependent nonlinear operator which is the abstract formulation of a boundary
value problem for a fast diffusion equation in the parabolic—elliptic degenerate
case, with nonhomogeneous Neumann conditions. Existence and uniqueness
for the abstract Cauchy problem are proved in relation with the results
of Kato, given in [71] and extended by Crandall and Pazy in [44] for the
nonautonomous evolution equations with nonlinear m-accretive operators.

3.1 Statement of the Problem and Functional
Framework

Let £2 be an open bounded subset of RY, with a piecewise smooth boundary
I' := 0. We assume that I' = I, UT,, where I}, and I, are disjoint smooth
open subsets of the boundary and denote by v the unit outward normal to
the boundary I We are concerned with the boundary value problem with
initial data

W—Aﬁ*@)—i—v%{o(t,x,y) > f, in@=(0,T) x 2, (3.1)
(u(t, 2)y(t, )= = bo, in §2,
(Ko(t,df,y) - Vﬂ*(y)) Vo p(t,:c), on Ep = (OvT) X va
y(t,z) =0, on Yo =(0,T) x I,.

The hypotheses for 8 and 5* are the same as in Sect. 1.1, i.e., (1.2)—(1.9).
For v we assume

A. Favini and G. Marinoschi, Degenerate Nonlinear Diffusion Equations, 91
Lecture Notes in Mathematics 2049, DOI 10.1007/978-3-642-28285-0_3,
© Springer-Verlag Berlin Heidelberg 2012
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u € WH(Q), wu(t,z) € [0,un] for any (¢,x) € Q,
u(0, z) := up(x), (3.2)
u(t,z) =0in Qo = [0,T] x 2, u(t,z)>0on Q, = (0,T) x §2,,

where 2y C £2, meas(£2y) >0, 20N T =@, 2, = 2\(2.
In this chapter we consider that the advection term is time-dependent

Ko(t,z,y) = a(t,x)K(y), a(t,z) = (a;(t, x))j=1,...n,

with @ and K satisfying

aj € Wh(Q), aj(t,x) =01in Qq, |a;(t,z)| < a;w, for (t,z) € Q, (3.3)
the function K : (—o0,ys] — R is Lipschitz continuous with the constant
My > 0, and bounded, |K(r)| < K.

We also assume

feL*0,T;V"), peL*0,T;L*I}))
and
0o € L*(£2), 6y =0 a.e. on £y, 6y > 0 a.e. on (2, (3.4)

0 0
2 e L2(£2,), 2 < ys, a.e. T € (2.
uo uo

We consider the Hilbert space V := {y € H'(£2); y = 0 on I, } with the

norm
, 1/2
Iyl = ( R dw)

and its dual, V. We endow V' with the scalar product (y,7)y, = (y,¥)y v
where v is the solution to the problem

—A¢:§a 1/}:OOHF(17 8_1/}

ayzOoan

which can still be expressed as Ay =7 with Ag : V — V' defined by
(Ao, )iy = / Vi - Vodz, for any ¢ € V. (3.5)
0

We recall that for the sake of simplicity we shall denote the norm and the
scalar product in L?(2) without subscript.
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Definition 3.1. We call a weak solution to (3.1) a pair (y,¢) such that
y € L*(0,T;V), (3.6)
uy € C([0,T]; L*(£2)) N L*(0,T; V) n Wh2([0, T; V'),
¢ e L*0,T;V), ((t,x) € B*(y(t,z)) a.e. on Q,
y <y, ae (t,z) €Q,

which satisfies the equation

<%“W>wv + /Q (VC(t) - VY — Ko(t, 2, y(t)) - V) dz (3.7)

ORI _/ p(t)bde, ae. t € (0,T), Vb €V,

and the initial condition (u(t)y(t))|,_, = fo-
Equivalently (3.7) can be written

T
/0 <%(ﬁ),¢(t)>wvdt+/Q(vg-w—Ko(t,:v,y)-W)dwdt

T
= | o)y ai= [ poo (58)
0

P

for any ¢ € L?(0,T;V), and some ((t,z) € B* (y(t,x)) a.e. (t,z) € Q.
We replace
O(t,x) = u(t,x)y(t, z), (3.9)

and for each ¢ € [0,T] we introduce the operator A(t) : D(A(t)) C V! — V/,
with
D(A(t)) (3.10)

z

u(t,-)

= {z € LX(Q); € LX), I eV, ((z) € 5*< #(z) ) ae € rz}

u(t, x)

by the relation

(A)z, )y y = /Q (V( -V — Ky (t,x, "

for any ¢ € V.
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If p e L*(0,T; L*(I},)) we define fr, € L*(0,T;V’) by

(fr, (t),1/)>v,)v = —/ p(t)do, Y € V, (3.12)

p

and so we are led to the Cauchy problem

D6+ ADOW) > F(1) + Fr, (1), e t € (0,7), (3.13)

0(0) = 6.

We notice that if the solution to (3.13) exists, then it is a solution in the
generalized sense to (3.1).

3.2 The Approximating Problem

We introduce an approximating problem by replacing v by u. = u + ¢, the
multivalued function 5* by the continuous approximation 8} defined in (1.36)
and extend K (y) at the right of y = ys by K(ys).

Therefore, we write the Cauchy problem

df.

Ve (t) + A.00.00 = 10+ fry (1), ae. teOT), (.14
0-(0) = 6o,

with the time-dependent operator A.(t) : D(A:(t)) C V' — V' defined by

<As(t)za7/}>vl7v (3.15)

(5 () o eniy) o) e

for each ¢ € [0, 7] with

D) = { e ) 52 (i) evh.

Equivalently to (3.14) we can write
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T /a6,
, d
/ < Y 1) ¢<t>>w t
% 96 95
+/Q <VBE <u—€) Vo — Ko (t:cu—g) .v¢> dadt (3.16)

T
:/ <f(t),¢(t)>v,yvdt—/ pododt, Vo € L*(0,T; V).
0 =

The definitions and properties of the functions j and j. are the same as in
Sect. 1.1.

Since (3.14) is a nonautonomous problem a way of solving it would be via
Lions’ theorem. For that the operator A.(¢) should be defined from V to V’
and must be monotone. But this is not the case of this operator in the duality
V', V. That is why we have to find another way of treating this problem and
approach it relying on the results of Kato [71], extended by Crandall and
Pazy in [44)].

First we prove a lemma that gathers some important properties of A.(t)
which are the hypotheses assumed in [44].

Lemma 3.2. Let A.(t) be the operator defined by (3.15).

(a) The domain of A:(t) is independent of t and D(Ac(t)) = D(A.(0)) = V.

(b) Foreache >0 andt € [0,T] fized, the operator A.(t) is quasi m-accretive
on V'.

(¢) For@ eV and 0 < s,t <T we have

[A<()0 = Ac(s)0ll v <[t = s[g (10]ly) ([ADOy, + 1), (3.17)

where g : [0,00) — [0,00) is a nondecreasing function.

Proof. (a) If 0 € V then £ € V, since u. € u € W?*°(Q) and . is in the
bounded interval [e,ups + £]. Next, we easily see that % (ﬁ;‘ (u%)) =
Be (u%) % (ue—s) € L?(2) for each ¢ > 0. Thus, V. C D(A(t)).
Conversely, since the inverse of 7 is Lipschitz with the constant %, it

follows that [} i) € V implies u% € V and finally 6 € V, whence

D(A(t)) C V, for each t € [0,T].
(b) Let A > 0, and ¢t € [0,7T] be fixed. The quasi m-accretivity of A.(t)
follows as in Lemma 1.4 (for B.).
To prove (¢) we calculate for any ¢, 5,0 < s <t <T

A= (t)0 — AE(S)HH%// = (A:(t)0 — As(5)97¢>vl7vv for0 €V,
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where

0
—AYp = A (1) — A ()0, 8_¢ =0on I, ¥v»=0onI,.

14
By hypotheses (3.2) and (3.3) the functions us(lm), \Y (ua(lt,z)) and a; are

Lipschitz continuous with respect to t, uniformly with respect to z, i.e.,

1 1

<COe) |t —s|,Vz € 2, (3.18)

us(t,x)  ue(s,x)

'v (ﬁ) v (ﬁ)’ < C@E) |t —s|,Va € 2. (3.19)

Using (3.3) and the hypotheses for K we can write

b)) o
(alt. ) = als. ) K ( )| 1w
P T
< (xc ﬁ»eH%W“

By C(g) we denote several constants depending on ¢ and C,, is the Lipschitz
constant for a. Therefore, taking account of the definition of 8* from (1.36)
we have that

406 - ool = [ {9 o () - o (s )] v
[ (1 iy ) - (v ) e

<

< <Aa (1)0 — Ac(s)0, B2 (ﬁ) — 4 (ﬁ) >V,,V
(- ) i
< w A= ()0 — A(s)0ly UE(Z,.) - u&.(i,-) v

0 7 0
us(t,-)  wue(s,-)

+ (KSCa |t —s| + Mcp

) AL (86 — A()0)]
§
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_ N
where M = Mg Y a}’. Using (3.18) and (3.19) and performing some
j=1
computations we deduce the estimate

H9 (i~

so that we get that

< Cle) [t = sl ol
\%4

4= ()0 — A=(s)0lly < (KsCa + C(e) [|0f]y,) [t — 5] - (3.20)

We write 6 = u%ug and compute ||6]],, obtaining

: (3.21)

1611y < c'
§

ue(t,-)

with C a constant depending on {2 and the norm |[u/[ o1 () - Then, we compute

<A8 0 iy >V,,v
o) () o) <(2)
> [0 () 7 () :

0P _0
ue(t,-) ue(t,-)

™ %

u(t,-)

\%4

>p

- M,
v

3

\%4

N

with My = K, 3 aj—w, where we used the boundedness of K, |K(r)| < K.
j=1

We deduce that
0

ue(t, )

0
ue(t,-)

p

2 0
< { A ()9, > +M
1% < ue(t, ) VA% '

0
ue(t, )

\%4

< ([[A=(®)0]ly, + M)

\4

whence we get

0
ue(t,-)

<2 ol +n. G

v
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Combining (3.20)—(3.22) we finally obtain that
[4()0 — Ac(s)0lly < Cle) [t = s (| A= (0)0] -, + 1),

as claimed by (3.17). O

3.3 Well-Posedness for the Nonautonomous Cauchy
Problem

Now we can pass to the proof of the existence and uniqueness results for
problem (3.13).

We recall that by cp we denote the constant in the Poincaré inequality
and let u),, u}, € R,

wy = max_ug(t,r), u,, = min_ wu(t, ).

(t,x)eQ (t,x)EQ

Theorem 3.3. Let us assume f € L?(0,T;V"), p € L*(0,T; L*(I},)), (3.4)
and
p— chuhy > 0. (3.23)

Then, the Cauchy problem (3.13) has a solution (y, ()

y € L*(0,T;V), (3.24)
uy € C([0,T); L*(2)) N L*(0,T; V) n W2([0, T]; V')
¢ € L*0,T;V), ¢ € B*(y) a.c onQ,
y(t,z) < ys a.e (t,7) € Q.

If there exists k,, > 0 such that

la(t, z)| < ky/u(t,z) for all (t,x) € Q

then the solution is unique.

Proof. Since the result of Crandall and Pazy we intend to use works for
homogeneous evolution equations we first resort to a technique developed
by Dafermos and Slemrod in [47] by which (3.14) is transformed into a
homogeneous problem. For the homogeneous problem we apply then the main
theorem stating the existence of solutions to evolution equations with time-
dependent nonlinear operators given in [44] after we prove that all hypotheses
specified there are fulfilled.
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The proof is done in three steps. In the first two steps we show that the
approximating homogeneous problem has a unique solution and then we pass
to the limit as e — 0 for getting the existence for (3.13).

Step 1. First, let us assume that

fewWh 0,00V, fr, € WHH(0,00; V'), 6 € V. (3.25)
We denote F' = f + fr, € WH(0,00; V') and introduce the space X :=
V' x LY(0,00; V') with the norm

> 0
el = 191l +/0 Iv(s)|ly+ ds, where © = <7) ex.

Then we define the operator
Ac(t) : D(A(t)) = D(A(t) x WHYH0,00, V) C X — X

by
A () (w, ) = (Aa“)w " 7“”) , (3.26)

-
for all (w,v) € D(A:(t)) x WH1(0, 00; V'). If we denote
_ [ 6=(t)
where G € W12°(0, T; WH1(0, 00; V') is defined by
G(t)(s) := F(t+s), Vs € (0,00), (3.28)

we can write the problem

9P £ ALP(E) =0, ae. t € (0,T), (3.29)

dt
PO = (50)):

The second component of (3.29) provides the problem

0G(t,s) OG(t,s)
ot 0s
G(0,s) = F(s),

207
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that is necessarily satisfied by G(t,s) = F(t 4+ s). Then the problem
corresponding to the first component in (3.29) reads

db.
dt

(t)+A(1)0:(t) — G(t)(0) =0, a.e. t € (0,T),
0-(0) = Bo.

Since G(t)(0) = F(¢) this turns out to be exactly (3.14).

The operator A.(t) satisfies the same properties proved for A.(t) in
Lemma 3.2. Indeed, its domain is time-independent D(A.(t)) = V x
W10, 00; V') and according to the arguments given in [46,47] it turns out
that the operator A.(¢) is quasi m-accretive on X. Finally, the property (c)
follows because

| A (£)0 — A-(T)O[5 = [ A=(£)0 — A(7)0)][3,. -

If 6y € V it follows that ufis € V = D(A.(t)) and consequently, we
can apply the main result in [44] and assert that under the hypotheses
(3.25) the problem (3.29) has a unique strong solution in the domain of the
operator A.(t), implying that problem (3.14) has a unique strong solution
0. € C([0,T); V') n WH2([0,T); V') with 82(6.) € L*(0,T;V). The latter
implies also that 0. € L?(0,T;V). The solution satisfies the estimates

| wett.ai (Z—jt)) ds + /0 s <Z—z(7>>

2

2

dr
1%

+/t dbe | <c</( +e)'< o )d
T T U e T
o || dT v 0 0 J Uy + €
0 2
+ |2 +Cl+1>, for t € [0, 7], (3.30)
Uo
[|6-(t) = 0-(1)],, < C(e)Cs. (3.31)

By C and C(g) we denote constants independent and dependent on ¢,
respectively, where

T
e (K [ (108 0, ) ).
T
Cs = ||60—To ]|, +/0 (I7®) =TIy, + & 1p(t) = B2, )

N
K = Ks(meas(Q))l/ZZa;-w,
Jj=1
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the constant ¢, is given by the trace theorem and 6 and @ are the solutions

corresponding to the pairs of data (6, f,p) and (6o, f,D)-

Let us notice that if u € W°°(Q) and 2z € V’ we have u.z € V'. Moreover,
(uc)y € WHe(Q) and if 6. € L*(0,7;V’) then we have (in the sense of

distributions) that

dg.  d [0 . 95(
dt _uadt Ue Uge Ue)s-

Also, we have the identity

J{(e () vz (), o

= /Qus(tv'r)js (2—2(0) dr — /Q(uo +¢)Je <u003_5) dx

Indeed, let us define the function ¢, : (0,T) x L?(2) — (—oc, 00),

pelt)i= [ welti)ic (e
0
This function is differentiable with respect to y and ¢ and

Oype (t,y) = uc(t, ©)0je (y) = ue(t, ©) B2 (y).

[ (=) o) i

= [ won) ar

:/Ot<%(r>,ay%(ﬁ.)>wd7

_ /OthT: /Q w.(t, 2)j. (y) de

T

) 0o
_/Q(uo—i-a)j€ (u0+€>dx

Then we have

(3.32)

(3.33)

(3.34)

This proves (3.33). Now, we test (3.14) at Zf and integrate over (0,t). We

obtain
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(80t e [ 55 (2) v (2)
< (o) (2

t t
+ / 5G| ar+ / 160 ey

Since \/u: € W%>(Q) and u. > € > 0 we have d‘C{;TE = (1\‘;2 e Wl (Q).
We write 0. = %\/u_ and apply (3.32),

[ (), »

0
u—a(T) dr.
€ L2(I)

w

2

s us) t 95
< dxdr + / —(7 dr
/ 0 \/u_€2\/u_€ P 0 Ua( ) v
t 9
[,
" Ue Ug v

+ [y |Ee)| d
4 /||<>|| 9—5<> d
Ctr 0 p(T L2(Iy) U, T v T,

where ¢;, is the constant in the trace theorem. After a few calculations we

get
[ &R, o]

¢ 2
< e oSy 1 (8 o
2 Jo v 0 \Ue

Integrating the first term on the left-hand side with respect to 7 we obtain

2

dr
1%

=

Ug

)|

Ug

a1 2 0 |I?
ol + / Oe (- dTSH_
H\/Ua p Ua( ) v Vo + €
Ch 2 7 /
+— +cpu )
P PUnp o |l
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hence,
2 /t 0= |’ 6|, C
Y| + —(7 dr < (up +1)||—| +—, 3.35
|F=0] +o [ |20 dr< e |2 (3.35)
with p1 = p — c¢%u)y; > 0, by (3.23). Indeed, since ug < ug + ¢ we have that
H % <\un +e bo (3.36)
Vug +el| UuQ ' '

To prove estimate (3.30) we multiply (3.14) by £ (Zf) and integrate

over (0,t), writing 0. = u.2=. Using (3.32) and (3.33) we obtain after some
computations that

t
[cic () ars [ [ %s: (%) (wovaear
(9] Ue 0 Jo Us Ue
1., (6. 2
+§/0 ﬁa (U_E(T)) dT
. 0o C
< —_—
_/ﬂ(u0+e)]5 <u0+5) dx + 5

v
Further, writing that

/ot /n Z—Zﬂ? (Z‘) (ue),dzdr

< /0 s (Z—jT))H z—iwua)fm ir
<er [[o: (%) N or
<1 [ |z (Ee) idwc%/ot % () e 2 |
we have
[ ueic () a5 [ le: (Z0) idT

dr
1%

_ 6o 1/t
< - d -
_/Q(uo+s)] <u0—|—g) z+01+4/0

t 9 2
—|—c%3/ / <—€> (u.)2dxdr.
0 J \Ue

5 (%)
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Since (ue), < uh, we get

[ it (Z@) s [ (Z)
<4 </Q(uo+a)j5 (ufjrs) dac—i—Cl)

¢
0.
+4ch (uh,)? /o

2

dr
14

—(t)

Ue

Using (3.35) we obtain
[ueteayic (@) as [ o (20
Qus ,CC .]E e i o < % T
0o 0o |1
- .
_C</n(“°+g)k (u0+5) dH’u

0

2

dr (3.37)
14

+Cl+1>

with C depending on the problem data and independent on e.
We multiply now (3.14) by %(t) in V' and integrate over (0,¢). We have

s v i+ [ (e (L) >w ar
//QKO(”” ) VB (9)dmd7
+ [ s (=), i [ 2 (22 .

Since the computations are similar to those made before we do not present
them in detail. We obtain

db.
a7

/u (t x) = (t) dr + t E(T) dr (3 38)
€ ) .78 U,E o l , .
<C /( +5)'( > )d+ = 24—0 +1
U c T .
- 0 0 J Ug + € Ug !

Summing up the last two relations we get (3.30) as claimed.
Relation (3.31) is proved exactly like (1.53).
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Step 2. In the second step we assume
f, fr, € L*(0,T; V'), 6y € L*(£2).

We can extend f and fr, by 0 for ¢t € (T,+00) and let us consider the
sequences

(f)nz1 € WHH0,00, V'), (FF)nz1 € WHH(0,00V'), (06)n>1 CV
such that
Fo=fo+ [, = F=f+fr,inL*0,T;V') as n = o0
and

08 — 6y in L*(02), as n — oo.

Then we consider the problem

TPu (1) £ A()Pu(t) = 0, ave. t € (0,T), (3.39)

dt
Pa(0) = (Fﬂ@) '

For the second component (3.28) we have
Gn(t)(s) =F,(t+s) = F(t+s) = G(t)(s), asn — 00, Vs € (0,00),
while the first component reads

%(U + A (1)L (t) = Fu(t), ae. t € (0,T), (3.40)

67(0) = 7.

By the previous step we know that (3.39) has a unique solution, meaning
that (3.40) has a solution satisfying (3.30). From here, by passing to limit as
n — 00, according to the second step in Proposition 1.5 we obtain that (3.14)
has a solution which is unique on the basis of (3.31). Consequently (3.29) has
a unique solution. Anyway, further we are interested only in (3.14).

Step 3. In this part we pass to the limit as ¢ — 0.
Let us assume (3.4) and f, fr, € L*(0,T;V’). According to the second
step (3.14) has a unique solution satisfying (3.30). We can write
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90/(uo+s)
/j€< ) // r)drdz
0 UO+€
90/u0
/ / r)drdx
2.
< / / B (r)dr < Bysmeas(£2).
2. Jo

Plugging this result in (3.30) we obtain

| wtta)i (i—;w) we [ e (Z—()) idT
+/Ot CffT ol e <e (3.41)

for any ¢ € [0,T], where C does not depend on . The estimates (3.35) and
(3.41) allow us to deduce that by selecting successive subsequences we get

6
B <u—5) — (in L*(0,T;V), as € — 0, (3.42)
€
0- . o
— —yin L°(0,T;V), ase — 0, (3.43)
Ue
6. — 0 in L*(0,T;V), as e — 0, (3.44)
do.  db
T; . 4

prar L*(0,T;V"), ase — 0 (3.45)

Following the arguments presented in Theorem 1.6 we deduce

0=uy, ¢€p*(y) ae. onQ@, (3.46)

and

Ky (t, x, %> — Ko(t,z,y) in L*(0,T; L*(£2)), as € — 0. (3.47)

€

Finally we can pass to the limit as ¢ — 0 in (3.16) and get
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+/ (V¢-Vo— Ko (t,z,y)- Vo) dadt
Q

T
— [ O0@)y v di~ [ pododt. vo e L20.7:7),
0 o

for any ¢ € L2(0,T;V). Next we proceed as for the solution construction in
Theorem 1.6 and for uniqueness as in Proposition 1.8. a

Another possibility of treating nonautonomous problems is by following
the Brezis—Ekeland principle, see [31, 32]. This approach based on the
Legendre—Fenchel-Young relations allows the study of equations with less
regular data and leads to generalized solutions in larger spaces of functions.
Such results have been obtained in [90] for (3.1) in the fast diffusion case and
in the case with 8 and * defined on R, i.e., case (c) from Introduction.

3.3.1 Numerical Results

The numerical results in this section are presented for the same data (£2, {2,
B*, Ko, f, 6p) as in Sect. 1.1 except for the porosity u which is considered
increasing in time

a b
Contour uy at t=0.5, c=1.02 (time-dependent) .. 2.988e-3 Contour uy at t=2, c=1.02 (time-dependent)  yay. 0.0959
5 X107 5 0.09
45 45 0.08
4 2.5 4
0.07
3.5 3.5
3 2 3 0.06
N 25 N 25 0.05
1.5
2 2 0.04
1.5 1.5
1 0.03
1 1
05 05 05 ‘ 002
0 0 | 0.01
0051 152 25 3 35 4 455 -0 0051 15 2 25 3 35 4 45 5 %0
x1 Min: 0 Min: 0

x1

Fig. 3.1 Solution 6 = uy in the parabolic—elliptic degenerate case for the time-dependent
u given by (3.48) and ¢ = 1.02
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0, on Qo

- _ o e 9 3.48
u(t, z1,22) {(( 1 2)2+(1020 3)* 0.12) t2, on Q. ( )

The graphics of 8 = uy for ¢ = 1.02 are shown in Fig.3.1a, b at ¢ = 0.5, 2.
In this case the porosity is much smaller than in Sect. 1.1. We can notice the
influence of the time variable porosity upon the solution by the increase of
the water content values at larger times (¢ = 2) as u increases.



Chapter 4
Parameter Identification

in a Parabolic—Elliptic Degenerate
Problem

In applied sciences an important achievement is the determination of the
parameters of the equations modelling a physical process from the knowledge
of certain physical quantities which can be observed or measured. These
are formulated as identification and inverse problems that can be treated
as optimal control problems. This chapter is devoted to such an example.

We shall study an identification problem in relation with (1.1). More
specifically, the purpose is to identify the space variable time derivative
coefficient u from available observations on the function # = uy. This problem
can be approached as a control problem (P) with the control u in W2™(§2)
for m > N. First, we introduce an approximating control problem (P:)
and prove the existence of an optimal pair. Under certain assumptions on
the data the necessary conditions that should be obeyed by the control are
found in an implicit variational form. Next, it is shown that a sequence of
optimal pairs (uf, y5).>o for (P:) converges as € goes to 0 to a pair (u*,y*)
which realizes the minimum in (P), and y* is a solution to the original state
system. An alternative way of handling the control problem can be led by
considering two controls related between them by a certain elliptic problem.
This approach enables the determination of simpler conditions of optimality
under an additional restriction upon the initial datum of the direct problem.
We also remark that inverse problems are ill-posed and in general we do not
have uniqueness.

The problem without the advection term (a(x) = 0) was treated in [60].

4.1 Statement of the Problem

Let us resume (1.1), i.e., the parabolic—elliptic degenerate problem

0 . )
7 W@)y) = AB (y) + V- (a(2)K(y)) > f in Q, (4.1)
A. Favini and G. Marinoschi, Degenerate Nonlinear Diffusion Equations, 109
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y(t,xz) =0on X, (4.2)
(u(ac)y(t, x))|t:0 =0p in 2. (4.3)
In this chapter the dimension of the space is taken N < 3 and we consider 042

of class C2. The parameters satisfy all conditions (1.2)-(1.14) and in addition
we require that 3 € C?(—o0,ys). We recall that

0<wu<wuy, u=0on 2y, u>0on N, =12\, (4.4)
and

2 ={x € Qu(x) =0}, 2, ={x € 2;u(x) >0}
The identification problem will be approached under stronger assumptions
on the problem data, respectively,

f e Wh2([0, T]; L*(£2)), (4.5)
0o EHQ(Q)QH(%(Q)7 0y = 0 in (29, (46)
0 0

0y > 0 in £2,, L e LQ(QU), 2 < vys, for x € 2,
u u

and u will be found in a more restrictive class of functions, W?2™(£2), with
m > N.

We introduce the function 0(¢, x) = u(z)y(t, ), and assume that there are
available data Oops(t, ) observed for 6 in a domain Qups = (0, Tops) X 2obs,
where Typs < T and 2ops € §2, Oops € L?(Qops). Denoting

J(u):%/

we are going to approach the identification problem as an optimal control
problem, by searching for the control u as the solution to the problem

(w(z)y(t, ) — Oops (t, )2 dxdt + % /Q(u(a:) — Au(z))"dx

obs

MinimizeJ (u) (P)

subject to (4.1)—(4.3), for all u € U, where

0
() < ulz) < ups on £,

U= w2m(0
{U S ( )7 Us = aV r

=0, u=0o0n (2_0},
(4.7)

and m is a positive even integer,

m=2k>N, k>1. (4.8)
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In a rigorous way, in (P) we should have denoted y* in order to specify that y
depends on u, but for not complicating the notation we make the convention
to skip the superscript indicating u. The positive constant k; is a weight that
may be chosen in such a way to enhance a greater importance to a term in
(P) against the other.

The last term on the right-hand side in (P) was introduced to induce
the regularity u € W?2™({2) necessary in the next proofs. On the one hand
this implies by the Sobolev embedding theorem that W?2™(£2) is compactly
embedded in W (£2) for m > N. Also u belongs to H?({2), so that the
control u € H?(2) N Wh°(£2). The property u € W1°°(£2) is necessary to
ensure that u is a multiplier in V"’ while u € H?(2) will be used in the proof
of existence of the solution to the dual system. For N < 2 it is sufficient to
take m = 2.

We make a notation that will be further used. For u € W™ (§2) we denote

vi=u—Au e L™(02).

We also recall that according to the result due to Agmon et al. (see [1]),
the problem

u—Au=wvin £, (4.9)
Vu-v=0on I

with v € L™(£2), has a unique solution u € W2™(£2), such that
[ullypzm (o) < Cllullpm(g for any u e L™(£2). (4.10)

The inequality % < wu is required in the proof of existence in the state
system, while u < wu)s is mostly related to the physical interpretation of u.

We mention that from the mathematical point of view, Robin or nonhomo-
geneous Dirichlet boundary conditions might also be considered in U instead
of the Neumann one. A homogeneous Dirichlet condition should be avoided
because 2y was considered to be strictly included in 2.

Because the state system involves a multivalued operator and in the
perspective of establishing a framework for numerical computations an appro-
priate approximating problem (F.) indexed on a small positive parameter &
will be introduced. It involves an approximating state system. The approach
of the identification problem will address the following aspects: existence,
uniqueness and regularity of the approximating state system; proof of the
existence of a solution to (P.); computation of the approximate optimality
condition, after introducing and studying the system of first order variations
and the dual system for the approximating problem; proof of the fact that
(P.) approximates (P), i.e., that a sequence of optimal pairs (u*, y*). for (P:)
tends to a pair (u*,y*) which realizes the minimum in (P) and the state y*
corresponding to u* is the solution to (4.1)—(4.3).
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4.2 The Approximating Control Problem

Let € be positive, small and consider a smooth approximation of the multi-
valued function 8*. For the purposes of this part 8* is replaced by a three
times differentiable function 8 : R — R, taken for example as

B*(r), r<ys—E€
6; (T) = :eg(r)7 L Ys — € <1 < ys (411)
ﬁ*(ys—s)+w[r—(ys—s)], > Y,
where 3., is a regular function that can be simply constructed (taking into

account the properties (1.4)—(1.6)), such that 8 and its first three derivatives
denoted by S, 5L, 5, respectively, have the properties

€9

lim pI(r) = +oo,

r—+oo
Be(r) = p>0forreR, B.(r)=p0(r)=plorr<0, (4.12)
BL(r) =0 for r € (—00,0] U [ys,00), B2 € L=(R).

€

The function K is extended at the right of r =y, by K(ys). Let us denote

1
Jw) = / (u + &)y (t, ) — Oops (¢, 7)) 2dat (4.13)
Qob
/ x)dr + — u?(z)de,
m 2¢e 20
U= {u € Wm(9); @(:c) < u(z) <up on £2, u = O},
Ys ov |
(4.14)
where v = u — Au, and introduce the problem
Minimize J,(u), (P:)
for all u € ﬁ, subject to the approximating problem
0 . .
Hr(utely) = AB(y) + V- (a(2)K(y)) = f in @, (4.15)
y(t,x) =0 on X, (4.16)
(u+e)y(0,2) = by in £2. (4.17)

We notice that U C U. The last term introduced on the right-hand side in
(4.13) will force the vanishing of u on 2 as € will go to zero.
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4.2.1 Existence in the Approxrimating State System

We write the abstract Cauchy problem (equivalent with (4.15)—(4.17))

d((u +2)ye)

= (t) + Acye(t) = f(t) ae. t € (0,T), (4.18)

ué‘yé‘ (0) = 907
with u € W2™(£2), u > 0 and denote 0. (¢, ) := (u+¢)yc(t, z). The operator
Ac is that defined in (1.38). As specified before we begin by proving the

results for the approximating problem, in the same functional space as in
Sect. 1.1. We recall Proposition 1.5 and add also a regularity result.

Proposition 4.1. Assume (4.5), (4.6), and
uw € W™(02), 0<u<uy. (4.19)

Then, the Cauchy problem (4.18) has a unique solution

Ye, b=, B2 (ye) € L*(0,T; V) nWH3([0,T; V'), (4.20)
satisfying
0. 1 [tdo., |I?
A t)) do + - d
[ura () aeg [ 50| o
1., (6. 2
+Z~/0 ﬁg (Z(T)) VdT

. 90 T 2 -2
S/Q(U—I—E)js <u—+€) d:z:+/0 IOl dt+ KT, t€0,T].
(4.21)

In addition, we have

Yer Oe, B2 (y-) € WH([0, T); L(£2)) nWH([0, T]; V) N L=(0, T; H?(2)),
(4.22)

[IEx (ys)||$/vl,w([o,T];L2(Q)) + 182 (ys)Hiz/Vl,?([o,T];V)
. 2
1182 Well Lo 0,13 12(2)) < 10C(€), (4.23)

||ys||12/vl,°°([0,T];L2(Q)) + H%H?xvlﬂ([oj];v) + ||ys||ioo(o,T;H2(9)) <70C(e),
(4.24)
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where vy denotes several constants dependent on N, 2, p, T and
* 90
Pe (u + 5) v
(O N [ 2
+ st el K | If Ol 2oydt+1 ],

_ 75;_5*(95_5)
Bule) = max fe(r) = =——"—— (4.25)

2

C(e) = y0Bum(e) x <

Proof. By (4.6) and (4.19) it follows by a straightforward computation that

ue—jg € HL(Q) N H(92). (4.26)

Then, Proposition 1.5 gives the first part of the solution existence (4.20), its
uniqueness and estimate (4.21). The other estimates (4.22)—(4.24) are proved
by a very technical proof. A similar proof was done in [83] (see also [84],
Theorem 2.8, pp. 160) for a 3D model with an advection term a(z) = (0,0, 1)
and Robin boundary conditions. With slight modifications corresponding to
the Dirichlet boundary conditions the argument applies here as well, so that
we shall not develop the computations and refer the reader to these works.
We mention only that the hypotheses under which this result takes place,
i.e., (4.5) and (4.26) are satisfied. Finally, since u. € W2™(£2) it follows that
. belongs to the same spaces as y. and satisfies (4.24). a

4.2.2 FExistence of the Approximating Optimal
Control

Theorem 4.2. Assume (4.5) and (4.6). Then, problem (P:) has at least one
solution u* € U. The corresponding state y*, which is the solution to (4.18)

with u = uk, satisfies (4.21)-(4.24).
Proof. Let € be fixed. Since J.(u) > 0, it follows that d. = inf 5

and it is nonnegative. Let (u™),>; be a minimizing sequence with u” € U.
Then

Je (u) exists

d. < %/ (u™ + )yl (t, ) — Oops(t, x))?dxdt (4.27)
obs
+ Q(vs) (@)de + o Qo(us)z(if)dif < det
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where
ol =ul — Aul (4.28)

€ €

and y” is the solution to (4.18) corresponding to u?, i.e.,

d n n
MEEZDE) (1) 4 a2 (t) = f() ae 1€ 0.T), (429

ugyl(0) = 6.
This is written in the equivalent form

d((uz + £)y?) o . _
L v [ (952 ) ate) K 0) ydadt = [ fda

(4.30)
for any ¢ € L?(0,T;V),

02(0) = (ul + )y (0) = o, (4.31)

where 07 = (ul + €)y?. By (4.27) we get on a subsequence, still denoted by
the subscript n, that

vl — vl in L™(£2) as n — 0. (4.32)

Now, ul € U , hence aaku" = 0 on I'. Coupling it with (4.28) it follows that
ug satisfies (4.9) with v = 7. Consequently, [[uZ|y2.m o) < C V2] Lm (o),
hence

u =’ in WH™(02), and u” — u} uniformly on 2 as n — co.  (4.33)

The second assertion follows by the fact that W2™(§2) is compactly

embedded in C({2). By passing to the limit as n — oo in (4.28) it follows that
u? is the solution to (4.9) with v = v¥. Because the convergence is uniform,
u} preserves all boundedness properties of v, hence u} € U.

Further, by Proposition 4.1 we get that (4.29) has a unique solution

07,y B2 (y) € WH([0,T]; L*(£2)) n WH([0, T} V) 0 L*(0, T H(£2)),

satisfying (4.23)—(4.24). Again, u”* € U, so uef’ < ys which implies, because

Be
BZ is monotonically increasing, that
g () < B2(w) = 8 (434)
€ u? +€ — Me yS - Ms- .
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From here we get

bo
] dx < Byl 2). 4.35
[ i () o < primens(e) (4.35)
By some computations we also deduce that
A NI 2 Craz g on?
5 gz )|, < 2 Mol B@0RZIP 41 436)

C
< oy ”6‘0”?{2({2) B (e)(d: +2),

and so the right-hand side in (4.23), written for 82 (y”), becomes independent
of n. Consequently, by selecting a subsequence denoted still by the subscript
n, we can write the following convergencies, as n — oco:

) =l in L0, T3 H(2)) nWH([0,T]; L*(£2)),  (4.37)
B (yl) =z in WH([0,T; V),
Y™ By in L0, T; HA(02)) nWhe ([0, T); L*(2)),  (4.38)
yr =y in WH([0, T V),
0" 307 in L°°(0,T; H*(2)) nWh>o([0,T]; L*(£2)),  (4.39)
0" — 6* in WH2([0,T]; V).

We deduce by the Aubin—Lions theorem that
07 — 0 in L*(0,T; L*(£2)) as n — oo, (4.40)
and by (4.33), (4.38) and (4.39) we get that
0r = (uX + )yl a.e. on Q. (4.41)

The sequence {67 },>1 is bounded in C([0,T]; L?(£2)), is equi-continuous and
162 (t)||,, < constant. Then, by the Ascoli-Arzela theorem we obtain that

07 (t) — 0X(t) in L*(£2) uniformly in ¢ € [0, 77, (4.42)
which implies that lim,,_,« 62(0) = 62(0). By (4.31) we get
(u? + £)y2(0) = 62(0) = bo. (4.43)

We notice that the function » — £%(r) is Lipschitz,
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Yo *_ 3* —
182 (y2) — B (y2)|l = Be(r)dr < W

Yz

llye =2l
so that

B2(yr) — BZ(yz) in L*(0,T; L*(£2)) as n — oo (4.44)
whence 0} = 8¥(y}) a.e. on Q. Also r — K(r) is Lipschitz and we have

K(y") — K(y?) in L*(0,T; L*(2)) as n — oo.

Now we can pass to the limit in (4.27) as n goes to oo, relying on the
weakly lower semicontinuity property of the norms. Then

d. < Jo(ul) <liminf J.(ul) < d.

n—oo

so that, d. = J.(u}), and u} is found to be an optimal control. By passing to
the limit in (4.30) we still get that

(e +2)y?) " : _
| i | (9605 oK () Vet = | pda

for any v € L*(0,T;V), which together with (4.43) proves that y* is the
solution to (4.18) with u = u?*. O

4.3 The Approximating Optimality Condition

In order to compute the optimality condition for an approximating controller
u? we have to introduce and to study the system in variations and the dual
system.

4.3.1 The First Order Variations System

Let us denote by u? a controller and by y? its corresponding state. Let w. € U
and \ € [0,1] and define the variation u2 = (1 — \)u? + Aw, that can be still
written

ud = ul + Nz, (4.45)
where
Ue = We — UL (4.46)
We define by
Veltoa) — tim L)~ ()

ANO0 A
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the Gateaux derivative of the state function y. with respect to the con-
troller u?. Here, y2 is the solution to (4.18) corresponding to u2. Without
indicating all computation we note that formally Y. satisfies

9., . . . d(uzyk) .
D ((ur + 0)%2) — ALY + V- (@)K (0)Y) =~ )y
(4.47)
Ye(t,z) =0 on X, (4.48)
(ul +)Y(0,2) = —ucyZ(0,2) in £2.
(4.49)
For u? € U we set
v =l — Aul, v) = ud — Aud, (4.50)
define At ) (t.2)
~ L vg(tx) —vi(t
’UE(t5z) - )1\1\‘1110 )\
and deduce that
Ve = Ue — Aug in £2. (4.51)

We also note that Vug - v =0 and Vu} - v =0 on I" because u}, u. € U.

Proposition 4.3. Assume (4.5) and (4.6). Then, problem (4.47)—(4.49) has
a unique solution

Y. € C([0,T]; L*(2)) n WH2([0, T]; V') N L*(0,T; V). (4.52)

Proof. We denote z. = (u + €)Yz, and write the abstract linear Cauchy
problem (equivalent to (4.47)—(4.49))

dze
dt

(t) + BY (t)2:(t) = FX (t) ae. t € (0,T), (4.53)
2:(0) = zoe, (4.54)

where

d(uzy? ~
= M) ¢ p20, 1 12(@), 200 = iyt 0) €V,

and BY (t) : V — V' is the time-dependent linear operator defined by
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(BY (026} = [ (V(a(0)2) = M@K (02)2) - Ve, for any 6 € V,
’ Q
(4.55)
with . )
BE (yé‘ (ti CE)) , b(fE) _
wx(o) T =
First of all, we recall that 0 < p < B.(y*(t )) ﬁM( ) given by (4.25). By
(4.12), BL € CH(R), B.(r) = 0 for r € R\[0,ys], so B.(r) is bounded on [0, ys]
by a constant dependent on e. Also, &€ < u}(x)+¢ < upr + 1, so we have that

g(t,x) = a(x). (4.56)

* a o
vl < L DBIVUE+ BVl ) lall =)
€ 2e
By (4.24) we get that g € L°°(0,T; H*(£2)) N L>(Q),
Cle, [[vZll Lm ()
p e llLm(02)
t,x) > ——0 <——" = 4.57
0 > L Vgl < = @, s
where V denotes the operator V = ( 821 " am ) and C(g) accounts for

several constants depending on e.

The function ¢t — BY (t)z is measurable from [0,7] to V', and we shall
deduce some other properties of BY (t). To this end we use the results below
established for N < 3.

If ¢ € HJ(2) C L°(92) we have ¢* € L*(£2). Indeed, by the Sobolev
embedding theorem we get

1/2 1/2
1 = [ ¢taw < ( / ¢2d:c) ( / ¢6d:c) (4.58)

= [l9ll 19l 60y < Cllol Il -

Hence, if ¢,v € V it follows that ¢p € L?(§2) and

1/2
||¢w||—(/9¢2w2dx> <ClelM eI el 1032 (4.59)

Next we compute

(BY 022y, = [ (at0) 2P+ 2(Valt,) = o) K/ - 92) do
P (UM +1)

100\ (12
> mIIZHV [2(Vg = 0K (y2))]"-
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Applying (4.59) and (4.57) we get
2
12(Vg — K" (y2))|
3/2

3/2 w1 1/2 "
< Cll2|M? 212 Vg — K ()| 1V g — b (y2) |13/
3/2
< C@E) 21" |121¥

and obtain, by a consequence of Holder’s theorem, that

Y 14 2 2
(B ()z,2)y, 2 Wum =1 [2[ly, — C(e) ll=]I”-

Again by (4.57) we have

[(BY @):0) | = [ (000,002 + 29g(0,2) = W) K (42)2) - T) da

< @) llzllv 191y

hence
|BX (1)]

In conclusion BY (t) satisfies the properties required by the theorem of Lions
(see [77]) to ensure the existence and uniqueness of the solution to (4.47)-
(4.49), i.e., ze € WH2([0,T); V') N L2(0,T; V). We turn back to the function
Y. and get (4.52). O

4.3.2 The Dual System

We denote by Xx(0,7,,.)» X2u.» X2 the characteristic functions of (0, Typs),
Qs and 2y respectively, by p. the dual variable and introduce the dual
system

(2 +2pe) + o)) Ao+ a(@)K' () Ve = B Q, (460)
pe(t,z) =0 on X, (4.61)
pe(T,z) =0 in £2, (4.62)

where
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Ec(t,x) = —(ul(@) + ) SZ(t )X (0,700) ()X 200, (2), (4.63)
St x) = (uz +e)yz(t, @) — Oovs(t, ),

S* € L*(0,T; L*(R2)), E. € L*(0,T; L*(£2)).

Making the transformation ¢ = T'— 7 we have to study the abstract linear
Cauchy problem

W(ﬂ +Ge(1)pe (1) = Be(7) ace. T € (0,T), (4.64)

5-(0,2) =0, (4.65)

where pe(7,2) = p-(T — 7, 2), Ec(1,2) = E.(T — 1,2), Go(7) : V. — V' is the
time-dependent linear operator

(Ge()2 )y = /Q {906, 2)V + O(Vg(t, ) — b()K' (7))} - Vada

(4.66)
for any ¢ € V, with g and b previously defined in (4.56).

Proposition 4.4. Assume (4.5) and (4.6). Then, problem (4.64)—(4.65) has
a unique solution

pe € C([0,T]; L*(2)) nW2([0,T); V') N L*(0,T; V). (4.67)

The proof is led in a similar way as for the system in variations.

4.3.3 The Necessary Optimality Condition

Proposition 4.5. Assume (4.5)—(4.6) and let (uk,y%) be an optimal pair in
(P.). Then, the necessary optimality condition has the variational form

/ (ul — we)acdr — ky / (v;)mflA(u: — we )dz <0, (4.68)
Q Q

where w. € U, v =ul — Aul and

T
dy; * Qk L. *\m—
_/O <psd_: - X(O,Tobs)xﬂobsysss> dt + gusxﬂo + kl(vs)m L
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Proof. We multiply (4.47) by p. and integrate over Q,

T /d
B /0 < (s +s>ps><t>+ﬁ5(y:<t>mp5(t),;@(t)> & (&)

vV

+ /Q (u? + &) (Yope)(T, x)dar — / 2<u: ) (Yep.)(0, 2)dz

* 6]?5
+ /2 Yebe(uz) 5, dodt = | pem 0 (Bl Y- )dods

Ndys
=— —=pdxdt,
|

where u; is defined in (4.46). Taking into account the boundary conditions
for Y; and u. and the initial condition for Y; we obtain

/ YoS7 (uF + €)X(0.1u0.y X020, el (4.71)
Q

_ dy?
= —/ pE(O,gc)y;f(O,ac)uad:lc—/p8 55 uzdxdt.
Q

On the other hand, v} is optimal in (P.), so that is verifies

1 k1 1
L / (02 + 2y — oo Pt + 2 [ ()" 4 NG
2 ) Qoss o 2
1 m 1 A\ 2
< - (ud + &)y — Oops)*dadt —|— — dr + — (ul)“dz,
2 Qobs 28 .fZ()

where we recall that u and v2 were defined in (4.45) and (4.50). Therefore,
by a few computation we obtain

/ ((ul —i—a)S@—i—uaya)S*d:vdt—i—kl/

~ 1 N
()™ Yosde + = / uiuzdx > 0.
obs 2 € Jq

(4.72)
We replace (4.71) in the left-hand side of (4.72), use (4.51) and get

/ Uz oedr — kq / (v2)™ ! Auzdx > 0,
Q Q

which implies (4.68) as claimed. O
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4.4 Convergence of the Approximating Control
Problem

Now we are going to prove that a sequence (u},yr). of the optimal pairs in
(P:) converges as € goes to 0 to a pair (u*,y*) that realizes the minimum in
(P). Moreover, the function y* turns out to be the solution to (4.1)—(4.3).
Before this we give a preliminary result.

Let us write again the abstract Cauchy problem (1.27) equivalent to (4.1)—
(4.3)

d(uy)
dt

(t)+ Ay(t) > f(t) a.e. t € (0,T), (4.73)
(uy(t)ls—o = 0o,
where u = 0 on 2, and A was defined in Sect. 1.1, i.e.,
A:DA) CV =V,
D(A) = {y € L*(2); there exists ¢ € V, ¢ € 3*(y) a.e. on 2},
A )y = [ (V¢ al@)K W) - Vodo, for any € V,

and ¢ € 5*(y) a.e. on {2.
Lemma 4.6. Let (4.5) and (4.6) hold and assume

0
u. € W2™M(£2), 0 < iy <wu. <up on {2, (4.74)
Ys
such that o
ue — u in W2™(82), ase — 0, u=0 on 2. (4.75)

Let y. be the solution to the approzimating state system (4.18). Then, there
exists a subsequence of (y:)e denoted still by the subscript e, such that

ye =y in L*(0,T;V), as e — 0, (4.76)
(ue +€)ye = 0. — 0 = uy in WH2([0, T); V') N L0, T; V), (4.77)
0. — 0 strongly in L*(0,T; L*(£2)), as e — 0,

and y is a solution to (4.73) corresponding to u.

Proof. Let u. satisfy (4.74)—(4.75). Then, by Proposition 4.1 we know that
(4.18) has a unique solution y. with the properties (4.20)—(4.24).
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%0 < y,, which implies

Since ugz + € > u,. on {2 we have <
Ue+€E

0 0
B;‘( 0 )gﬂ:@s):ﬁ:, /y( 0 )dxm:ysmeasm),
0

Ues + € Ues + €

and so the right-hand side in (4.21) becomes independent of €. Therefore by
selecting a subsequence, if necessary, we get

B (ye) — ¢ in L*(0,T;V) as € — 0,
y. — yin L*(0,T;V) as € — 0.
By (4.75) we have
we — w uniformly in 2 as € — 0,

then
(e +€)ye = 0. — 0 in L*(0,T; L*(2)) as e — 0

and so we get that § = uy a.e. on Q. Again by (4.21) we have

do. do . 4 -
o amL(O,T,V)ass—)O.

We deduce via the Aubin—Lions theorem and Ascoli-Arzela theorem, respec-
tively, that

0. — 0 in L*(0,T; L*(2)) as € — 0,
0-(t) — 0(¢) in V' uniformly for ¢t € [0,T], as e — 0,

which implies
nl;n;o 0:(0) = 6(0) = 0.
We still remark, for a further use, that

(e + €)Ye — Oops — uy — Oops in L2(0,T; L2(£2)) as e — 0. (4.78)

Now we have all ingredients to prove that y is a solution to (4.73) (equivalently
(4.1)—(4.3)) by applying Theorem 1.6 in Sect. 1.1. O
Theorem 4.7. Let (4.5)-(4.6) hold, and let (uf,y*) be optimal in (P:).
Then, there exists a subsequence denoted still by the subscript €, such that
uf =" in W™(82), ase — 0, (4.79)
yr =y in L*(0,T;V), ase — 0, (4.80)
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(uf +e)yl = 0F — 0" =u*y* in L*(0,T; L*(2)) ase — 0, (4.81)
0r — 0% in WH2([0,T); V') n L*(0,T; V).

Moreover, u* € U, y* is a solution to (4.1)-(4.3) and (u*,y*) realizes the
minimum in (P), i.e.,

1/ (u* (z)y* (t, ) — Oops (t, ) dadt + b (u* — Au™)™(z)dx
Qobs

2 m Jo
2,
< =
-2

for any w € U, and y a solution to (4.1)-(4.3).

(u(z)y(t, x)—Hobs(t,x))2dxdt+% /Q(u—Au)m(:U)dx, (4.82)

obs

Proof. Let (u¥, yX) be optimal in (P.) and denote v} = u} — Au¥ a.e. on (2.
By the optimality of (u}, y*) we can write

1 * * 2 kl *\ 1N 1 *\2
5/ ((uf + e)yr — Opps) dadt + m/ﬂ(va) dx + 5 QO(ug) dx

obs
.
< Z
-2

for any u € ﬁ, where y. is the solution to the approximating state system
(4.18) corresponding to u. We recall that U and U are the admissible sets
for (P) and (P.), described by (4.7) and (4.14). In particular, let us take
u € U C U. We remark that the integral on {2y vanishes on the right-hand
side because u € U vanishes on 2 and v = u — Au is in L?(2).

We apply Lemma 4.6 with u. = u. Thus, y. tends to y which is a solution
to (4.73) (equivalently (4.1)—(4.3)), according to the same convergencies as
in (4.76)—(4.78). Since the last term on the right-hand side in (4.83) is zero,
we can write on the basis of the strong convergence (4.78),

1
((u+e)ye — Gobs)dedt—l—ﬁ/ v dr+— u?dz, (4.83)
m Jo 2e 2

obs

1
—/ (w4 &)ye — Oops)*dadt + ﬁ/ v"dx (4.84)
2 Qobs m 2

1 k
< limsup {5 / ((u+ €))ye — Oops)*dadt + — ; vmdx}

e—0 m

1 k
< —/ (uy — Oops)*dxdt + 2L | v™dx = constant.
2 Qobs m (9]

Since the left-hand side in (4.83) is bounded by a constant selecting a
subsequence, if necessary, we get
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vl =0 in L™(f2), as e — 0,

1
—uf — ug in L*(£),as € — 0. (4.85)

NG
We recall that u? satisfies (4.9) and so
uf — u* in W™ (), and uniformly on 2, as & — 0. (4.86)

Moreover u* is the solution to (4.9) corresponding to v*, i.e., v* = u* — Au*
a.e. on {2. By (4.85) we derive that

ut = w- ili% ul =0in . (4.87)

Consequently, u* € U. Again by Lemma 4.6 with u. replaced by u? we deduce
that y* is a solution to (4.1)—(4.3) corresponding to u*. On the basis of these
results and taking into account that the integral on {2y is nonnegative, we
can write successively from (4.83) and (4.84) that

1/ * ok 2 kl *
- w Yyt — Ogps) dadt + — v )" dx
5 QObS( ) - Q( )

P 1 * * kl *\m
< hIgl}l(IJlf {5 /(;)Obs((qE + &)y — Oops ) dadt + oo Q(va) dx

1 2
— )d
+25 o (ul) x}

e—0 m Jo
. 1
< limsupq =
e—0 2

1 k
< = / (uy — Oops)*dxdt + = v"dz,
2 Qobs m (7]

1 k
< liminf {5 / ((u =+ €)ye — Oops ) 2dadt + — vmdx}
Qobs

(1 + £)ye — Oops)2dadt + ™1 / vmdgc}
mJo

obs

for any u € U and this proves that (u*,y*) realizes the minimum in (P). O

4.5 An Alternative Approach

We present now another approach of the control problem (P), based on the
control change. The advantage is that the optimality conditions will be found
in a simpler form, but an additional restriction will be required for the initial
data 6p. More exactly, we assume (4.5) and
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0o € H*(2) N H(02) C C(2), 6y =0 in £, (4.88)
0o > 0 in (2, @ € L2(12,), @ <ys, for x € £2,,,
u u

0
%SOODF.

Let us denote )
Gmin = — (0o — Aby) (4.89)

S

and consider problem (4.9). We prove
Lemma 4.8. Let

v € L™(2), dmin(z) <v<wup ae. on 2. (4.90)
Then, the unique solution u € W™ (§2) to problem (4.9) satisfies

Oo(z)
Ys

< u(x) < up, for any x € 0. (4.91)

Proof. To show the lower boundedness of u we denote z = u — Z—O and write

the problem

2 — Az = v — ¢pin in 12, (4.92)
Vz-v= —% on I
ov

We multiply (4.92) by z~ (the negative part of z) and integrate over (2,
applying the Stampacchia’s lemma. We have

00
HZ_Hifl(Q) == /Q(U — Qmin)z dx + /69 8—52_d0 <0,

since v > Pnpin and % < 0 on I' by (4.88). Tt follows that u(z) > 9—‘; >0
in 2. The inequality u(x) < ups is similarly shown. a
Let us fix m > N and consider the new control problem
Minimize { / (u(z)y(t, =) —QObS(t,z))dedt} (P)
obs
subject to (4.1)—(4.3), for all (v,u) € W
W = {(v,u); v € L¥(2), dmin <v <up a.e.on 2, (4.93)

u satisfies (4.9), and u =0 in 20} .
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In this problem we have two controls  and v which are related by (4.9),
where v € L>®(£2) C L™({2), with m > N.

4.5.1 The Approximating Problem (155)

Let us denote
W ={v e L®(); ¢min(x) <v<up ae. on 2} (4.94)

and introduce the problem

Minimize {/ (u(x) + )y (t, x) — Oops (t, 7)) *dadt + é /Oo (u”)2(x)dx}

obs

(P.)
for all v € W, subject to the approximating problem (4.15)—(4.17), where u
is the solution to (4.9) with v € W. We denote

Je(v) :/ ((u”(:c)—ks)y(t,x)—Gobs(t,z))dedt—i-é/ (u?)?(x)dx. (4.95)
obs 20

In (P.) and J. we have written u, in order to stress that u” is determined
by v, but further we shall skip this notation for the writing simplicity.

We notice that in (P:) the only control which remains is v while u becomes
a state, being computed by (4.9). Existence of an optimal pair is proved
similarly as in Theorem 4.2.

Proposition 4.9. Assume (4.5) and (4.88). Then, problem (P-) has at least
one solution vi € W.
Proof. Let ¢ be fixed. Since J.(v) > 0, it follows that d. = inf 3 J-(v) exists

and it is nonnegative. Let (v7),>1 be a minimizing sequence with v € w.
Then

1 1
de < / ((ul + )yl (t, ) — Oobs(t, ))*dadt + —/ (ul)?(2)de < de + —
Q € Jo, n

obs
where u is the solution to
ul — Aul =0 in 2, (4.96)

n
ouf

ov

=0on I’



4.5 An Alternative Approach 129

and y? is the solution to (4.18) corresponding to u?, i.e.,

W@) + Ayl (t) = f(t) ae. t € (0,T),

ulys(0) = 6p.

But v € W, so [vZ | () < constant and it follows that on a subsequence

vl — vf as n — 0o. The boundedness of u? follows by (4.96) and everything

continues like in Theorem 4.2. O

Before establishing the form of the new optimality condition we specify
that the convergence result remains true.

Theorem 4.10. Let (4.5), (4.88) hold, and let (v¥,y?) be optimal in (P.).
Then, there exists a subsequence denoted still by the subscript €, such that

vl = v* in L2(Q), as € — 0,
ut — u* in W™ (), ase — 0,
yr = y*in L*(0,T;V), ase — 0,

(uf + eyl = 0F — 0" =u*y* in L*(0,T; L*(2)) as e — 0,

0r — 0% in WH2([0,T); V') 0 L*(0,T; V).

Moreover, u* € U, y* is a solution to (4.1)-(4.3) and ((u*,v*),y*) realizes
the minimum in (P), i.e.,

/ (w* (2)y* (t, ) — Oops (t, ) dadt < / (w(2)y(t, ) — Oops(t, x))*dxdt,

obs obs
for any (u,v) € W, and y a solution to (4.1)-(4.3).

Proof. Let (v, y*) be optimal in (P.) and let u’ be the function given by
the elliptic equation. By the optimality of (v}, y%) we can write

1 1
/ (u;y:—Gobs)dedt—F—/ (u:)Qdazg/ (uys—HObS)dedt—F—/ u?dz,
Qobs & Ja Q € J

obs

for any v € W, where y. is the solution to the approximating state system
(4.18) corresponding to u via v. In particular, let us take v as an element
of a pair (u,v) € W. We remark that the integral on {2y vanishes on the
right-hand side and next one can continue as in Theorem 4.7. ad
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4.5.1.1 The First Order Variations and Dual Systems

Assume that v} is a controller and u} and y; are the corresponding states.

Let w. € W and A € [0,1] and denote the variation along the direction A by

v} = v} + Az, where 0. = w. — v*. The optimal state u? is given by (4.9)

for v = v¥ and wu; is computed from the system
Uz — Augz = 0z in £2, (4.97)
Vu.-v=0o0nIT.

The first order variation system (4.47)—(4.49) and the dual system (4.60)—

(4.62) are the same as before. Because two states are involved, we have to

write a dual system for the state u}, too. This reads

g: — Ag. = F2, in (2, (4.98)
Vg -v=0on 1T,

where
Fg(‘r) = _y; (07 CC)pE (07 CC)

T dy: Lo Lo
- 0 € dt _XﬂobsX(O,TObs)(t)yESE dt+gxﬂousa (499)

and F4 € L?(§2). We remark that (4.98) has a unique solution ¢. € H?(2).

4.5.1.2 The Optimality Condition

Proposition 4.11. Assume (4.5), (4.88) and let v: be an optimal control
in (P.). Then,

v = Pmin on {x € 2; q.(z) > 0}
v} € (Gmin,uns)  on {x € 2y q- =0} (4.100)
Vi =upy on {z € £2; ¢.(x) < 0}.

Proof. We multiply (4.47) by p. and integrate over @, getting again (4.71),
ie.,

/Q Yo + €)SEX(0/100) ()X, ()l (4.101)

N dy: _
= —/ pa(O,x)y:(O,x)uad:v—/paiuada@dt.
Q o dt
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Next, we multiply (4.97) by ¢. and integrate over 2, obtaining

/ (e — Aqe)uedx —|—/ uVq. - vdo = / U qedx. (4.102)
Q r Q
Therefore
/ e () Fd(z)dx = / Ue(2) g (x)d. (4.103)
7 7
On the other hand, from the fact that v} is optimal in (P.) we deduce that
— 1 —
/ ((ul +e)Ye + ueyl)Sidadt + g/ uiuzdz > 0. (4.104)
obs 20

We replace (4.101) on the left-hand side and get

T
/ Ue {_pa(oa x)ya (0,1‘) - / ( e dtg - XQobsX(OyTobs)y?‘:S"‘:> dt
2 0

1
+EU:XQO} dx > 0.

Taking into account (4.99), (4.103) and recalling that v; = w. — v}, we obtain
/ (v —we) (—qe) dx > 0, for any w, € w (4.105)
Q

which implies that
—qe € O, (v]) = Nk, (v7) (4.106)

where by 0Ik, (v}) we denote the subdifferential of the indicator function of
the closed set K1 = [¢min (), ups] at v?.

We recall that the indicator function of a closed convex subset K of a
Banach space X is a function I : X — (—00, o]

0 ifx e K,
+00 otherwise

Ik () = {

and
_ [{0} if z €intK,
Ole() = {NK(:E) if » € OK.

Here, Nx(z) C X' is the normal cone to K at x and is defined by
Nk (z) ={z" € X';(z",2 —y) x, x > 0, Vy € £}

In conclusion by (4.106) we get the optimality condition (4.100), as claimed.
O
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4.5.2 Numerical Results

We present numerical results for identifying the function u}, a solution to
(165), by following the alternative approach and several steps based on Rosen’s
algorithm (see [5]). The space domain is 2 = {(x1,z2);21 € (0,5), 22 €
(0,5)}, 20 =1(2,3) x (2,3) and s = (3,5) x (3,5).

We apply the method for the following data

) 0.1zq in £2,
B*(r) =1r% Ko=0, f(tvml’M)_{O xliIIIIIQO ,
6‘0 = {098 . Q“ eobs = 0.5.

0 in QO ’

The control is v} and u} will be determined by (4.9). For simplicity we shall
not retain the subscript e for the control and state.

Step 0. Fix eqr¢ small and let us take v§(z) € [Pmin, urr]- Set k = 0.

Step 1.  We determine u} by (4.9), y; by (4.15)—(4.17), p by (4.60)—(4.62),
qx by (4.98) and fg(v;) from (4.95).

Step 2. We compute wy by (4.100)

WE = (bmin on {I € “Qv Qk(x) > O}
Wk € (Gmin,un) on {z € 25 g =0}
Wk = Up on {z € 2; qx(z) < 0}.

If g = 0 we can try with wy any value in (¢min, uar). Then we
compute U = wy, — vj, and

v (z) = v (x) + Aok () = (1 — Mp)vi(z) + dwg(x), A €[0,1]

such that

J(vp) = min {Jo(v} + AU (2)}. (4.107)
A€0,1]

Step 3.  We set
Vi1 (2) = vi(2)

with vy, found by (4.107) and compute js(vzﬂ). Denote

err = |Je(Vkt1) — Je(vg)] -

If ja decreases and err < e.,.+ with the prescribed e.,+ then the algorithm
stops and set v} = vj,, and uj_, is obtained from (4.9).
If not, continue from Step 1.
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Fig. 4.1 The approximating control u} and state function 67

In Fig.4.1 we see the graphics of u} and the corresponding 07 = uly:
computed according the above algorithm, by Comsol + Matlab, with

*
Vg = UM, Eert = 0.1,

after three steps, in which the obtained values are indicated below:

Step 0:  Jz(vo) = 12.3691
Step 1+ Je(v1) = 9.2221

Step 2 Je(v2) = 9.194.
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